NCERT Solutions for Class 12 Maths

Chapter 6 — Application of
Derivatives

Exercise 6.1

1.

Find the rate of change of the area of a circle with respect to
its radius r when

(a) r=3cm (b)r=4cm
Ans - Area of a circle(A) with radius (1) is A = mr?

For a given radius, change in area of circle is given by,

dA d

——— —— 2 —

T el (tr<) = 2nr
(a) Whenr = 3cm

dA
— =27m(3) = 6™
dr

As a result, when radius of circle is 3cm, the area of the
circle changes at a rate of 67 cm

(b) Whenr = 4cm

dA
— = 2n(4) = 8n
dr

As a result, when radius of circle is 4cm, the area of the
circle changes at a rate of 8 cm



The volume of a cube is increasing at the rate of 8 cm3/s.
How fast is the surface area increasing when the length of
an edge is 12 cm?

Ans - Let x be the length of a side, v be the volume, and s be
the surface area of the cube.

When x is a function of time t, we have

V=x%and$§ = 6x°

Given that F 8cm3/s
By chain rule we get,
%(};3) =8
=% E’;}s:z.E =8
dt
=] @ = i swrefL)
dt 3x?

. d d
Rate of change in surface are of cube = Y= = (6x?)

dt
dy d dx dx
:}a— 6a(x Y= 6(21:&) =12% (a)

Substitute value of equation (1)
dy 8 8\ 32
S n() o) -2
3x? X X

Thus, when x = 12cm,

dS 32 |
T -z /s

8

_ 2 e
Z cm /s

As a result, if the cube’s edge length is 12cm, the surface

ey B 4
area is rising at a rate of = 5 cm /s.



3.

The radius of a circle is increasing uniformly at the rate of 3

cm/s. Find the rate at which the area of the circle is
increasing when the radius is 10 cm.

Ans - For radius (1), the area of a circle (A) is A = mir?.
For time (t), the rate of change of area (A) is given by,
dA d

i W AR
T LR
dA dr

= i ana (By chain rule)

Given that the increase in radius of circle is,

dr
— = 3cm/s

dt

dA
e 21tr(3) = 67r

So, whenr = 10cm

dA
= 6m(10) = 60w cm? /s

As a result, when the radius of the circle is 10cm, the rate at

which the area of the circle increase is 60T cm? /s

4,

An edge of a variable cube is increasing at the rate of 3cm/s.

How fast is the volume of the cube increasing when the
edge is 10 cm long?



Ans - Let x be length of a side and V be volume of the cube.
Then, V = x?

'dV—SEdX By chai I
T (By chain rule)

Given that,
dx

— = 3cm/s

dt

dVv
. — B2 — i
R 3x°(3) = 9x

So, when x = 10cm,

dv

— =9(10)? = 900 cm?®/s

dt

As a result, when the edge is 10cm long, the volume of the
cube increases at the rate of 900 cm?3/s.

5.

A stone is dropped into a quiet lake and waves move in
circles at the speed of 5 cm/s. At the instant when the
radius of the circular wave is 8 cm, how fast is the enclosed
area increasing?



Ans - Area of a circle (A) with radius () is given by, A = mr?
For time (t) the rate of change of area (A) is given by,
dA d 5
ZreaaT: (mr)
dA dr

g = Zm-E (By chain rule)

r
Given that, — = 5cm/s

dt

A
= —=2nmrx 5 = 10nr
dt

So, when r = 8cm

:*dA—1D 8) = 80

As a result, when the circle wave’s radius is 8cm, the
enclosed area grows at a pace of 80cm?3 /s.

6.

The radius of a circle is increasing at the rate of 0.7 cm/s.
What is the rate of increase of its circumference?

Ans - Circumference of a circle (C) with radius (r) is given
by C = 2nir

Rate of change of circumference (C) for time (t) is given by,

dC_d(z )= 2 dr o l
q = gpleTr) = 2m — (By chain rule)

r
Given that,— = 0.7cm/s

dt

dC
= T = 2n(0.7) = 1.4t cm/s

Hence, rate of increase of the circumference is 1. 4mcm/s



7.

The length x of a rectangle is decreasing at the rate of 5
cm/minute and the width y is increasing at the rate of 4
cm/minute. When x = 8cm and y = 6cm, find the rates of
change of (a) the perimeter, and (b) the area of the
rectangle.

Ans - Given that length x is decreasing at the rate of
5cm/min and width y is increasing at the rate of 4cm/min

dx . _
= cm/min,
d—{ = 4cm/min

(a) Perimeter (P) of a rectangle is given by

P=2(x+y)
3o, B

dt dt dt
= —2cm/min

Hence, the rate of decrease in the perimeter of rectangle is
2cm/min.

(b) Area(A) of a rectangle is given by,

A=xXy

dA dx dy
E:E'F+X'E
= —by + 4x

When x = 8cm and y = 6cm,
dA

== (—5x 6 +4x8)em?/min

= 2cm?/min

Hence, the rate of increase in the area of the rectangle is
2cm?/min



8.

A balloon, which always remains spherical on inflation, is
being inflated by pumping in 900 cubic centimetres of gas
per second. Find the rate at which the radius of the balloon
increases when the radius is 15 cm.

Ans - Volume of a sphere (V) with radius (r) is given by,

U—4
=3

3

For time (t), the rate of change of volume (V) is given by,

dV B d (4 3)
dt  ar\3
dVv o dr
ETE
dVv
Given that,— = 900cm?/s
dt
dr
=~ 900 = 4mr?. —
dt

oy dr B 900 B 225
dt  4mr?2 2

So, when the radius r = 15cm,

dr 225 1

dt  mw(15)2

Hence, the rate at which the balloon’s radius increase when
.1
the radius is 15cm is ;cm/sec.

9.

A balloon, which always remains spherical has a variable
radius. Find the rate at which its volume is increasing with
the radius when the later is 10 cm.



Ans - Volume of a sphere (V) with radius (r) is given by,

v_‘:l'
—3’]‘[1"

3

Rate of change of volume (V) for time (t) is given by,

d?_d 4 .\ 4 .
5—E(§ﬂr)—§nx3r

dv 5
:‘-5—4111*

So, when radius r = 10cm,

dV

— = 47(10)?
dr

= 400w

Hence, the rate of increase in the volume of the balloon is
400m cm? /sec

10.

A ladder 5 m long is leaning against a wall. The bottom of
the ladder is pulled along the ground, away from the wall, at
the rate of 2 cm/s. How fast is its height on the wall

decreasing when the foot of the ladder is 4 m away from the
wall?



Ans - Let height of the wall be y m and foot of the ladder be
x m away from the wall.

By Pythagoras Theorem, we have:

x? + y? = 25 (Length of the ladder is 5m)

=y =v25—x2

Then, the rate of change of height y for time t is given by,
dy ~— —x dx

dt /25 —x2 dt

Given ﬂz.at,d—}: = 2cm/s

dy —2

TR

So, when x = 4 m we have:

dy —2(4) 8

dt 2542 3
Hence, the rate of decrease in the height of the ladder on the
wall is gcm/ sec.

11.

A particle moves along the curve 6y = x 3 +2. Find the
points on the curve at which the y-coordinate is changing 8
times as fast as the x-coordinate



Ans - Given the equation of the curve as 6y = x® + 2

Rate of change of position of particle for time (t) is given by,

dy dx
6—=3x>—+40
dt * dc %
dy dx
= 2— = 2 __
dt — © dt
When the particle's y-coordinate changes 8 times as fast as
i ; . dy Bdx
its x-coordinate 1.e.,(E =2 F)’ we have:
5 (8 dX) _ ,dx
at/) ~ " dt
S 16 dx ,dx
de © d

dx
2 _ _— =
= lﬁ}dt 0

=x? =16
Where x = —4,

=13

y="3

Where x = 4,
=11

Hence, the points required on the curve are (4,11) and

(+3)

12.

The radius of an air bubble is increasing at the rate of
%{:mjs. At what rate is the volume of the bubble increasing

when the radius is 1 ecm?



Ans - Air bubble is in the shape of a sphere. The volume of
an air bubble (V) with radius (r) is given by,
4

V=2
31'[[‘

3

Rate of change of volume (V) for time (t) is given by,

dv _ dV dr

T (By chain rule)

_ d (4 3) dr
—ar\3™ ) ac
d-.

:4nt*2.d—i
dr

Given that,— = 3 cm/'s

dt
So, when r = 1cm,
dv

<= 4 11(1)?2 (%) = 2mem?® /s

Hence, the volume of the bubble increases at the rate of
2mem?3 /s

13.

A balloon, which always remains spherical, has a variable
diameter g (2x + 1). Find the rate of change of its volume
with respect to x.



Ans - Volume of a sphere (V) with radius (r) is given by,

V—4
—gm*

2

3
Given diameter is 5 (2x+ 1)

3
=‘»r=1(2x+1}
4

9
= — 3 —_—— 3
Y T 1611(23:1—1}

Hence, rate of change of volume with respect to x will be

dv. 9 d
i e e e 1733
& tgleetd
:udv—g 3(2 l}zd 2x + 1
dv 27
s 2
:}dx 1611:.(2:~:+1}.2
dv: 27
Al 2
:}dx 8n(2x+1)
14.

Sand is pouring from a pipe at the rate of 12 cm3/s. The
falling sand forms a cone on the ground in such a way that
the height of the cone is always one-sixth of the radius of

the base. How fast is the height of the sand cone increasing
when the height is 4 cm?



Ans - Volume of a sphere (V) with radius(r) and height(h) is
given by,
1

V = =nir’h
3T

1
Given that, h = 3 I
= r = 6h

:|
S TS §n(6h)2h = 12 mth3

Rate of change of volume for time (t) is given by

dV d
— e 3
121 o (h?).

7 (By chain rule)

de

S ) A
de - T T qe

_ dv
Given tha:t,a = 12 cm?/s

So, when h = 4 cm/s we have:

dh
2 AT
12 = 361(4) 5
dh 12
o NS R NNV s i M
dt  36m(16)
dh 1
dt  48n

Hence, when the height of the sand cone is 4cm, its height is

: . 1
increasing at the rate of W cm/sec.

15.

The total cost C(x) in Rupees associated with the

production of x units of an item is given by
C(x) = 0.007x3 — 0.003x2+ 15x + 4000.



Ans - Rate of change in total cost for output is known as
marginal cost.

dC
MC = T 0.007(3x%) — 0.003(2x) + 15

= 0.021x% — 0.006x + 15

Whenx =17,

MC = 0.021(17)2 — 0.006(17) + 15
= 0.021(289) — 0.006(17) + 15

= 6.069 — 0.102 + 15

= 20.967

Hence, the marginal cost when 17 units ae produced is
Rs.20.967

16.

The total revenue in Rupees received from the sale of x

units of a product is given by
R(x) =13x% + 26x + 15
Find the marginal revenue when x = 7.

Ans - Rate of change in total cost for the number of units
sold is known as marginal cost. Let the number of units sold
be x.

dR
MR = — = 13(2x) + 26
dx

= 26x + 26
Whenx =7,
MR = 26(7) + 26 = 208

Hence, the required marginal revenue is Rs.208

17.



The rate of change of the area of a circle with respect to its
radiusratr =6 cm is

(A) 10 (B) 12n (C) 8w (D) 11n
Ans - Area of a circle (A) with radius (r) is given by, A = nir?

As a result, the area’s rate of change in relation to its radius
ris

i—f = %(nrz} = 2mr
So, when r = 6cm,
d—A: 2mX6

dr

= 12nem?/s

. Required rate of change of the area of a circle is 12mecm? /s

Hence, option B is correct.

18.

The total revenue in Rupees received from the sale of x
units of a product is given by

R(x) = 3x2 4+ 36x + 5. The marginal revenue, when x = 15 is
(A) 116 (B) 96 (C) 90 (D) 126

Ans - Rate of change in total cost for the number of units
sold is known as marginal cost.

'MR—dR—ﬁ + 36
b _d}{_ X

So, when x = 15,
MR = 6(15) + 36 =904+ 36 =126
~+ Required marginal revenue is Rs.126

Hence, option D is correct.



Exercise 6.2

1.

Show that the function given by f (x) = 3x + 17 is increasing
on R

Ans - Let the two numbers in R be x; and x,
X; < X = 3%; < 3%,

2 By 17 By 117

= f(x;) < f(x3)

Thus, the function is strictly increasing on R.

Show that the function given by f (x) = e** is increasing on
R.

Ans - Let the two numbers is R be x; and x,
Then, we have:

X1 < Xy = 2X; < 2X5

= szl . EZKE

= f(x;) < f(x;)

Hence, f is strictly increasing on R.

3.
Show that the function given by f (x) = sinxis
(a) increasing in (0, g) (b) decreasing in G ) T[)

(c) neither increasing nor decreasing in (0, )



Ans - Given function is f(x) = sinx

& f'(x) = cosx

a) Since for each x € (U, ;—[) ,cosx > 0, we have f'(x) > 0.
Hence, f is strictly increasing in (U,g)

b) Since for each x € G, 11:) cosx < 0, we have f'(x) < 0.

. . . . ‘ 1Lt
Hence, f is strictly increasing in (E,‘IT)

c) It is clear from the results obtained in (a) and (b) that fis
neither increasing nor decreasing in (0, n)

4,

Find the intervals in which the function f given by
f(x) =2x% —3xis

(a) increasing (b) decreasing



Ans — Given function is f(x) = 2x% — 3x

= f(x) =4x—3

Now, f'(x) =0
5 _3
=g

Now, the point 2 divides the real line into two disjoint

intervals i.e,,
3 3
(03) e (.
4 4

0O - OO

3/4
Number Line

In interval, (—m,g), flx)=4x—-3<0

Hence, the given function (f) is strictly decreasing in

: 3
interval (—00, E)

In interval, G, D-O), f(x) =4x—-3>0

Hence, the given function (f) is strictly decreasing in

interval G , 00)

5.

Find the intervals in which the function f given by
f(x) =2x3—3x2—36x+7is
(a) increasing (b) decreasing



Ans - Given function is

f(x) =2x3 —3x* —36x+7

f'(x) = 6x> —6x—36 =6(x*—x—6)
=6(x+2)(x—3)

Now, f'(x) = 0

=== 3

The points x = —2, 3 divide the real line into three disjoints
intervals

ie,(—o0,—2), (—2,3),and (3, o)

-0 1
-2 3
Number Line

In interval, (—oo, —2), (3, ) f'(x) is positive while in the
interval (—2, 3) is negative.

Hence, the given function (f) is strictly increasing in interval
(—o0, —2) U (3, ) while the function (f) is strictly
decreasing in interval (—2, 3).

6.

Find the intervals in which the following functions are
strictly increasing or decreasing:

(A)ad 4 2%=5 (b) 10 — 6x — 2x?2

(c) 2x3-9x2-12x+1 (d) 6 -9x—x2

(e) x+1)° (x-3)°



Ans - a) Given that f(x) = x? + 2x—5

SPf(x)=2x+2
Now, f'(x) =0
= x=-1

The real line is divided into two disjoint
intervals (—oo, —1) and (—1, o) by the pointx = —1

In interval (—oo, —1),

fflx)=2x+2<0

= (f) is strictly decreasing in the interval (—co, —1)
Thus (f) is strictly decreasing forx < —1

In interval (—1, o),

fix)=2x+2>0

+~ (f) is strictly decreasing in the interval (—1, o)

Thus (f) is strictly increasing forx > —1



b) Given that, f(x) = 10 — 6x — 2x?

2 (%) = —6 — 4x

Now, f'(x) =0
3
. —t S
w g

Real line is divided into two disjoint intervals (—m, — E) and

(— g, 00) by the pointx = — g
3y . 3,
Interval (—00, — E) e, whenx < — > f'(x) =—6—4x < 0.
. fis strictly increasing for x < —z
: 3 : : 4
In interval (— = DG) ie,whenx > — = f'(x) = —6—4x < 0.

2 : ; : 3
«~ fis strictly increasing for x < =



c) Given that, f(x) = —2x* —9x%? — 12x + 1
Sf(x) = —6x2 —18x— 12 = —6(x%2 + 3x+ 2)
=—6(x+1x+2)

Now, f'(x) =0

> x=—landx= -2

Real line is divided into three disjoint intervals (—oo, —2)
and (—2,—1) and (—1, o) by the points

x=—1 —2whenx< —2andx > -1

A f'(x) =—6(x+1)(x+2)<0

. fis strictly increasing forx < —2 < x> —1
Now, interval (—2, —1) i.e, when -2 < x < —1
f'(x) =—6(x+1)x+2)>0

~ fis strictly increasing for -2 < x < —1



d) Given that, f(x) = 6 — 9x — x?

L fi(x) =—9 —2x

Now, f'(x) =0
_ 9
X="32

Real line is divided into two disjoint intervals

(—m, —E) and (— E, DO) by the point x = -
2 2 2
. 9y . 9
In interval (—Oﬂ, — E) ie,forx < E

. . . . 9
% fis strictly increasing for x < =

In interval G, 00) ie,forx < — ;, f'ilx) =—9—-2x=>0
; : : . 9
~ fis strictly increasing for x < — =

In interval (—g,m) le, forx > —g,f’[x} =—-0-2x<0

. : : : 9
. fis strictly increasing forx > — S



e) Given that, f(x) = (x + 1) (x — 3)3

f(x) = 3x(x + 1*(x—3)3+ 3(x — 3)%(x + 1)®
=3(x + D*(x—3Px—3+x+1]

=6(x + 1)*(x—3)3(x—1)

Now, f'(x) = 0

x=-1,3,1

Points x = —1, 1, 3 divided the real line into four disjoint
intervals. i.e. (—oo0,—1), (—1,1),(1,3) and (3, o)

In interval (—oo, —1) and (—1,1),

f'(x) =6(x+1)2x-3)2Hx-1) <0

» fis strictly decreasing in interval (—co, —1) and (—1,1)
In interval (1,3) and (3, o),

f'(x) =6(x+1)2x—-3)2x-1)>0

~ fis strictly decreasing in the interval (1,3) and (3, o)

7.

Show thaty = log(1 + x) — ;—XK,K > —1, is an increasing

function of X throughout its domain



2x
Ans — Giventhaty =log(1 + x) ———

2+ x
cdy 1 2+x)(2) —2x(1) x?
Tdx T 14x (2 +x)? (24 x)?
dy
N — =10
Dw’dx
= x® =10
(24 x)2
=xZ=0
=>x=0

Since x > —1 point x = 0 divides the domain (—1, %) in
two disjoint intervalsi.e, —1 < x < Oandx > 0

When — 1 < x < 0 we have:
x<0=2x%2>0

x>-1=22+x)>0

=2+x)2>0
e 50
YT @ a2

Also, when x > 0

039750,

(24+x)2>0
o e x = |
i AT

Hence, the function f is increasing throughout this domain

8.

Find the values of x for whichy = [x(x — 2)]? isan
increasing function.



Ans-Wehave y = [x(x — 2)]? = [x2 — 2x]?

d

d—i = 2(x% — 2x)(2x — 2) = 4x(x — 2)(x — 1)
dy

Nﬂw,a = 'U

=4x(x—2)(x—1)=0
=x=0,1,2

Points x = 0,1,2 divide the real line into four disjoint
intervals i.e.

(—o0,0),(0,1),(1,2) and (2, ).

In intervals (—oo, 0) and (1, 2),% < 0

* y is strictly decreasing in intervals (—o0, 0) and (1,2)
However, in intervals (0,1) and (2, m},g >0

“ y is strictly decreasing in intervals (0,1) and (2, o)

..y is strictly decreasing in intervals 0 < x < land x > 2

4sin 8
(2+cos @)

Prove thaty =

03]

— 0 is an increasing function of @ in



4sinb

Ans — We have.y = m —

cdy (2 + cosB) (4cosB) — 4sinB(—sinb) i

" de (2 4+ cosB)?
_ 8cosB + 4c0s28 + 4sin?6 N 8cosB + 4 )
N (2 + cosB)? T T (2+4cosB)?
d
Now. % =S4
8cosb + 4

& (2 + cosB)? =4

= 8cosB + 4 = 4 + cos?0 + 4cosb
= cos?B — 4cosB =0

= cosO = 0,4

Since cosf # 4,

cosB =0

:-B—n
-



dy cos(4 — cosB)
d8 (24 cos)?

Now,

i
In the interval [U’E] ,we have cosb > 0

Also, 4 > cosB = 4 —cos > 0
~.cosfB(4 — cos0) > 0andalso (2 + cosf)? >0

cos (4 — cos )
(2 + cos)?

>0

dy
= S|
dx

Therefore y is strictly increasing in the interval (D, g)

o A i s T
Hence, y is increasing in the interval (U, 5)

10.

Prove that the logarithmic function is increasing on (0, o).

Ans - Given function is f(x)logx

P = =

X

It is clear that forx > 0,f'(x) = i >0

Hence, f(x)logx is strictly increasing in the interval (0, c0)

11.

Prove that the function fgiven by f(x) = x> —x + 1 is
neither strictly increasing nor decreasingon (- 1, 1)



Ans - Given functionis f(x) = x> —x+ 1

sf(x) =2x—1

Now, f'(x) =0
- _1
*=0

The point % divides the interval (-1,1) into two disjoint

intervals i.e.
1 1
(—1,5) and (5,1)
; . 1
Now, in the interval (—1, E) F'x)=2x—1<0
: ; : : : 1
~ fis strictly decreasing in the interval (—1,5)
— 1 .
However, in interval (E’ 1) f'(x)=2x—1>0
. . . . . 1
= f is strictly decreasing in the interval (5, 1)

Hence, f is neither strictly increasing nor decreasing in
interval (—1,1)

12.

Which of the following function are strictly decreasing on

(03)?

(A) cosx (B)cos2x (C)cos3x (D)tanx



Ans - A) Let f,(x) = cosx
. fi(x) = —sinx

In interval, ({], ;—[),f{(x) = —sinx < 0

~ £, (x) = cosx is strictly decreasing in the interval (U,g)
B) Let f,(x) = cos 2x

s (x) = —2sin 2x

Now,

T
D{X{EZ?PU'::ZX{H

=sinZ2x>0=—2sm2x <0

PR ey n
st f(x) =—2sin2x < 0on (0, 2)
y . 3 W & T
f5(x) = cos 2x is strictly decreasing in interval (U’E)

C) Let f3(x) = cos 3x
& fi(x) = —3sin3x
Now

f3'(x) =0

= s5in3x =20

3}(——TIXE({] )
= —_
2 i2

0
=2X=—
*T3
i ] e S 4 My . a)lilk, e
The pointx = = divides the interval (U’E) into two disjoint

intervals i.e. (U,g) and GE)



[} " 1-[
Now, in the interval (D, 5)’

s
f;(x) = —3sin3x < U[{]{X{E:?Dﬁig}{iﬂ]
-~ f5 is strictly decreasing in interval x (D, g)

However, in the interval G, ;—r) f5(x) = —3sin3x >
3

U[E-::x-:iE:)*n«:i Sx::—“]

3 2 2

-~ f; is strictly increasing in the interval (;—r,g)
Hence, f; is neither increasing nor decreasing in interval
(0:3)
2
D) Let f,(x) = tanx
2

& filx) = sectx

In interval (U;—[) fi(x) =sec?x >0

. f4 is strictly increasing in the interval (U, g)

Therefore, functions cos x and cos 2x are strictly decreasing
in (G.E)
2

Hence, the correct options are A and B

13.

On which of the following intervals is the function f given by
f(x) = x19° 4 sinx — 1 decreasing ?
(A) (0,1) (B) g T (C) 0, g (D) None of these



Ans - We have, f(x) = x1°° + sinx — 1
s (%) = 100x%° + cosx
In interval (0,1), cosx > 0 and 100x°° > 0

S f(x) =0

Thus, the function fis strictly increasing in the interval
(0,1)

In interval (g, 11:) ,cosx < 0and 100x° > 0

Also, 100x%° > cosx

4 f'(x) > 0in G’n:)

Thus, the function fis strictly increasing in the interval
G

In the interval (D, g) ,cosx < 0and 100x?° = 0

~ 100x°% + cosx > 0

= f'(x) > 0 on (0;—[)

. fis strictly increasing in the interval (0,%)

Hence, the function f is strictly decreasing in none of the
intervals. The correct option is D

14.

For what values of a the function f given by
f(x) = x* + ax + 1 is increasing on [1, 2]?



Ans-Wehave, f(x) = x* +ax+1
~f'(x) =2x+a

Now, the function f will be increasing in (1,2) if
f(x) > 0in (1, 2).

=2x+a=0

= 2Xx > —a
—a

=KX= —
2

As a result, we must determine the smallest value of a such
that

—d
X>= ?,X € (1,2}

—da
ix}E{Iixiﬂ

Thus, the least value is given by

Hence, the required value of a is —2

15.

Let I be any interval disjoint from [-1, 1]. Prove that the
function f given by f(x) = x + J—t is increasing on |



Ans - We have, f(x) = x —I—i

1
LR | (X} =] _X_z
Now, f(x) = 0

Real line is divided into three disjoint intervals i.e.
(—o0,—1),(—1,1), (1, o0) by the pointsx = 1, —1

In the interval (-1,1) we observe —1 <x < 1

S xl <1



1
:?'1'-'-:—2,Xiﬂ
X

sy =1 — iz <0on(-1,1) ~ {0}
X

~ fis strictly decreasing on (—1,1) ~ {0}
In the interval, (—oo, —1)and(1, o) , it is observed that:
e —]

=x%>1

|
NG =1 < = > 0 on(—o0, —1)and(1, o)

= fis strictly increasing on (—o0, —1)and(1, o).

Hence, the function f is strictly increasing in the interval I
disjoint from (1, 1)

Hence, the given result is proved

16.

Prove that the function f given by f(x) = log sinx is

T

strictly increasing on ([}, 2) and strictly decreasing on

(57)



Ans - We have, f(x) = logsinx
1

SN X

o f (X} =

cosx = cotx
T0
In interval, (0, —) f'(x) =cotx>0
2
~ fis strictly increasing in (U,g)
; s .
In interval, (E,T[),f (x) =cotx < 0
3 2 : ) . i
~ fis strictly increasing in (5; Tl')

17.

Prove that the function f is given by f(x) = logcosx is
([

strictly decreasing on (0, 2) and strictly increasing on

Gm)



Ans - We have, f(x) = logcosx

1
& f'(x) = ——(—sinx) = —tanx
cosx

In interval (D, g) tanx > 0= —tanx < 0
i
~f'(x) < 0on (O'E)
" - = T
~ fis strictly decreasing on (U, E)
A T
In interval (E' H)

tanx <= 0= —tanx >0

~f'® > pon (g,'ﬂ:)

T
~ fis strictly decreasing on (E ; Tt)

18.

Prove that the function given by f(x) = x* — 3x* + 3x =
100 is increasing in R.

Ans - We have, fx = x® — 3x? 4+ 3x = 100
f'x=3x*—6x+3

—3(x%—2x+1)

= 3(x — 1)2

Foranyx € R

(x—1)2>0

Thus, f'(x) is always positive in R

Hence, the given function f is increasing in R



19.

The interval in which y = x?*e* is increasing at
(A) (- o, ) (B) (-2,0)
(C) (2, o) (D) (0,2)
Ans - We have, y = x%e ™%
dy

G = YmE Ry ta = (R )

dx

dy
Now, — = 0
OW,dX

=x=02

The points x = 0, 2 divided the real line into the three
disjoint intervals i.e., (—o0,0), (0, 2), (2, =).

In intervals (—o0,0) and (2, 00), f'(x) < 0 as e™ is always
positive.

“ fis decreasing on (—o, 0) and (2, o).
In interval (0, 2),f'(x) > 0
~ fis strictly increasing on (0, 2).

Hence fis strictly increasing in the interval (0, 2). Thus, D is
the correct option.

Exercise 6.3
1.

Find the maximum and minimum values, if any, of the
following given by

OfX)=2x—1*+3 (G)fxE) =9x*+12x+2
(iii) f(x) = —(x — 1)% + 10 (iv)gx) =x3+1



Ans — (i) The given function is f(x) = (2x — 1)? + 3.
It can be observed that (2x — 1)? = 0 for every x € R.
=f(x) = (2x—1)2+ 3 = 3 foreveryx € R.
Minimum value of f is attained when 2x — 1 =0

i |
= X = —
=5

= Minimum value of f,

0)-(31) +o=

Hence, function f does not have a maximum value.

(ii) Given function, f(x) = 9x? + 12x+ 2 = (3x%* + 2)? — 2.
It can be observed that (3x? + 2)? = 0 for every x € R.
=f(x) =(3x* + 2)? —2 = —2foreveryx €ER.
Minimum value of f is attained when 3x + 2 =0

2

SN =— =
=73

= Minimum value of f,

(-)-(E)ref 22

Hence, function f does not have a maximum value.



(iii) Given function is f(x) = —(x — 1)? + 10.

[t can be observed that (x — 1)? = 0 for every x € R.
=f(x) = —(x—1)?+ 10 < 10 forevery x € R.
Minimum value of fis attained when (x — 1) =0
—1 = Qx=10

= Minimum value of f,
f=f()=—(1-1)2+10=10

Hence, function f does not have a maximum value.

iv) Given function is g(x) = x° + 1.
(iv) g

Hence, function g neither has a maximum value nor a

minimum value.

2.

Find the maximum and minimum values, if any, of the
following functions given by

Hfx)=|x+2|-1 (i)gx)=—-|x+1|+3
(i) h(x) =sin 2x+ 5 (iv) f(x) = |sin 4x + 3|
Whx)=x+4,x€(-1,1)

Ans — (i) We know that |[x + 2| = 0 foreveryx ER
=2f(x)=|x+2]—1=—1foreveryx ER
Minimum value of f is attained when [x + 2| =0
2> x=-2

= Minimum value of f,

f{—2) = —2 F2| =1 ==1

Hence, function f does not have a maximum value.



(ii) We know that —|x + 1| = 0 for every x € R

= g(x) =—|x+1|4+3 =3 foreveryx €ER
Minimum value of g is attained when |[x + 1| = 0
=x=-1

= Minimum value of g,

i1y =|—142|¥3=3

Hence, function g does not have a maximum value.
(iii) We know that —1 = sin 2x = 1
—14+5=<sin2x+5=<1+45

4 <sin 2x+5=6

Hence, the maximum and minimum values of h are 6 & 4

respectively.

(iv) We know that —1 < sin 4x < 1
2=sin4x+3 =4
2=<|sin4x+3| =4

Hence, the maximum and minimum values of f are 4 & 2
respectively.

(v) Here, if a point %, is closest to -1, then we find xz—“' i g [
xg + 1forallx; € (—1,1).

X +1

5 + 1 for

Also, if x; is closetto -1, thenwefindx; + 1 <
all xg € (—1,1).

Hence, function h(x) has neither maximum nor minimum
value at (—1,1).



Find the local maxima and local minima, if any, of the
following functions. Find also the local maximum and the
local minimum values, as the case may be:

(i) f(x) = x*?

(i) g(x) = x3 - 3x

(iii) h(x) =sin x4+ cos.0 <X ::g

(iv)f(x) =sinx—cos X,0 <X < 2T

(V) f(x) =x3 —6x% 4+ 9x+ 15

Vi) gx) =5+-,x>0

(vii) g(x) =

x242

(viii) f(X) =xv1—Xx,x>0

Ans — (i) f(x) = x?
= f(x) = 2x
Now, f'(x)=0=>x=10

Thus, x = 0 is the only critical point that could be the point
of local maxima or local minima of f.

We have f"'(0) = 2, which is positive.

Therefore, by second derivative test, x = 0 is a point of local

minima and local minimum value of fat x = 0is f(0) = 0.



(ii) g(x) = x* — 3x

Lg'(x) =3x%2-3

Now,
g'x)=0=23x?=3=x=+41
g"'(x) = 6x

g"(1)=6>0

g'(—1) =—6<0

By second derivative test, x = 1 is a point of local minima
and local minimum valueof gatx = 1isg(1) = 1* — 3 =
=2

(iii) h(x) = sin x+ cos .0 <x < g

% h'(x) = cos x +sin x

h'(x) =0=2sinx=cosx=>tanx=1

:"x:EE(U,g)

h''(x) = —sinx — cosx

T 1 1 2

w'(3)=-(5+55) =—==-V2<0
b o R

Therefore, by second derivative test, x = E is a point of local

B r ™
maxima and the local maximum value ofhatx = 5

h(;)4=5ing+cnsgz

+—=12

| -
ol -



(iv) f(x) =sin x —cos x,0 < x < 27

& f'(x) = cos x + sin x

f'(x) = 0= cosx = —sinx
g 31 ?HE 0.2
ta | = —_— —
nx X 7' 7 (0,2m)
f'"(x) = —sinx + cosx
3 3
f”(T) —511':?-?{:05—:—\/’_{{]
7T T 71
f (T) —sin ?-H:Ds? V2 >0

; 3m, ;
Therefore, by second derivative test, x = Iﬂ is appoint of

. . 31,
local maxima and the local maximum value of fatx = — is

3 3
f(:) sin —cns i ﬁ-l__ — /2.

M, ; s
However, x = ~ isapoint of local minima and the local

- 7 .
minimum value of fatx = - s

7T . Im ?Tl'__i_i__
f(T) =sin =—cos = —7%— == V2.
(v) Here, if a point %, is closest to -1, then we find xz—“' i g [
xg + 1forallx; € (—1,1).

x1+1

Also, if x; is closetto -1, thenwefindx; + 1 < + 1 for

all xg € (—1,1).

Hence, function h(x) has neither maximum nor minimum
value at (—1,1).



VD g(x) =>+2,x> 0

.1 2
“gx) =3

2
N Y =0 aiee s =1
ow, g'(x) = 0 gives e
> xl=4=2x=12

Since x > 0 we take x = 2.

r 4
Now, g" (x) = 5

4 .
rr 23
2)= ===>=10
g ( ) 21 2

Therefore, by second derivative test, x = 2 is a point of local

minima and the local minimum value of gatx = 2is g(2) =

z .2
E+E_1+1_2'

i) g) =

—(2%)

A
—2
EF(X}ZU:‘%:U:'H:U

Now, for values close to x = 0 and to the left of 0, g'(x) = 0.
Also, for values close to x = 0 and to the right of g'(x) < 0.
Therefore, by first derivative test x = 0 is a point of local

: : .1 1
maxima and the local maximum value of g(0)is e



(viii) f(x) = xvV1 —x,x> 0

1 X
SEG) =xWl —x+x- e B i
®) 2\;’1—3:( ) 241 — x

2(l—x)—x 2.—3x%
o 2yI—-x 21 —x

2 —3x
f'{x) =0=> =0
) 2v1 —x

=‘»2—3x—0=}x——

e rl—x( 3) — (2 — 3x)(2 __x)
x) =
1—x
2
_xfl—x(—3)+2(2—3x](2 _1—:()
2(1 —x)
3x —4
= 3
4(1 —x)2
2 2—4 -1
g =e

132 132
+(3) 2(3)
Therefore, by second derivative test, x = g is a point of local

: ; 2, 2
maxima and the local maximum value of fatx = S is f (5) =
2-4 -

= < 0.
43)

i
z



Prove that the following functions do not have maxima or
minima:

(1) f(x) -= eX

(ii) g(x) = log x

i) hx) =x3 +x%2 +x+1
Ans — (i) f(x) = e®

i Fix) =¢F

Now, if f'(x) = 0 then e* = 0. But the exponential function
can never assume 0 for any value of x.

“» There does not exist ¢ € R such that f'(c) = 0.
Hence, function f does not have maxima or minima.

(ii) We have, g(x) = log x

1

() ==

Since log x is defined for a positive number x, g'(x) > 0 for
any x

» There does not exist ¢ € R such that g'(c) = 0.
Hence, function g does not have maxima or minima.

(iii) We have, h(x) = x* + x* + x + 1
wh'(x) =3x*+2x+1

*» There does not exist ¢ € R such thath'(c) = 0.
Hence, function h does not have maxima or minima.



Find the absolute maximum value and the absolute
minimum value of the following functions in the given
intervals:

M fx) =x3xe[-22]

(ii) f(x) = sin X + cos X, X € [0, ]

(iii) f(x) = 4x — ;X2 X € [—2,2]
() f(x) = (x — 1) + 3,x € [-3, 1]

Ans — (i) Given function is f(x) = x3.
s P =3%"
Now,f'(x) =0=2x=0

Then, we evaluate the value of f at critical point x = 0 and at
endpoints of the interval [—2,2].

f(0) = 0
f(—2) = (—2)3 = -8
f(2) = (23 =8

Hence, we can conclude that the absolute maximum value of
fon [—2,2] is 8 occurring at x = —2. Also, the absolute

minimum value of f on [-2,2] is -8 occurring at x = —2.



(ii) Given function is f(x) = sin x + cos x
A f'(x) =cos x —sin x

Now, f'(x) = 0 = sin x = cos x

T
tanx=1=x=—

Then, we evaluate the value of f at critical point x = E and at

the endpoints of the interval [0, m].

f(E)zsinE+cus =42

i +
4 4 4

5l -
sl -

f(0) =sin0 +cos0 =1
f(m)=sinm+cosmt=1

Hence, we can conclude that the absolute maximum value of

f on [0, 1] is V2 occurring at x = E. Also, the absolute

minimum value of f on [0, ] is -1 occurring atx = 1.



(iii) Given function is f(x) = 4x — %xz

1
A (%) = 4x _EXZ

Now, f'(x) =0=x=4

Then, we evaluate the value of f at critical point x = 4 and at

the endpoints of the interval [—2, j_:]
1
f(4) = 16 —5(16) =8

f(—2) = -8 —%(4) = —10

1) -4 ()2 ) - 18- —ms
2/ \2/ 2\2) 8

Hence, we can conclude that the absolute maximum value of

fon [—2, g] is 8 occurring at x = 4.
Also, the absolute minimum value of f on [—2,3] is-10

occurring at x = —2.



(iv) Given functionis f(x) = (x — 1) + 3
S E(x) =2(x—1)
Now, f'(x) =0=>2(x—-1)=0,x=1

Then, we evaluate the value of x at critical point x = 1 and
at the endpoints of the interval [—3,1].

f(1)=(1-1)2+3=23
f(—3)=(-3-1)2+3=19

Hence, we can conclude that absolute maximum value of f
on [—3,1] is 19 taking place at x = —3. Also, absolute
minimum value of fon [—3,1] is 3 taking place atx = 1.

6.

Find the maximum profit that a company can make if the
profit function is given by p(x) = 41 — 24x — 18x2.



Ans - Profit function is given as p(x) = 41 — 24x — 18x°.

S p'(x) = —24 — 36x

p"(x) = —36
Now, p'(x) = 0
g —24 2

*T 36 3
Also,

f (_2) ——36<0

p 3 -
By second derivatives test, x = — g is the point of local

maximum of p. Therefore,
Maximum profit = p (— é) =41 — 24 (— 2) 18 (— 3)2

=41+16—-8=49

Hence, the maximum profit that the company can make is
49 units.

7.

Find both the maximum value and the minimum value of
3x* — 8x3 + 12x% — 48x + 25 on the interval [0, 3] .



Ans - Let's take f(x) = 3x* — 8x® + 12x? — 48x + 250n 0,3
f'(x) = 12x> — 24x* + 24x — 48

Now f'(x) = 0

= 12x° —24x* +24x—48=0

=x3—-2x242x—4=0

=2 x—-2)x*+2)=0

S>x=2o0rx=+/2

As x = +v/2 is imaginary, therefore this value is not
considered.

Atx = 2,f(2) = 3(16) —8(8) +12(4) —48(2) + 25 = -39
Atx = 0,f(0) = 3(0) — 8(0) +12(0) —48(0) + 25 = 25
Atx = 3,f(3) = 3(81) — 8(27) + 12(9) —48(3) + 25 =16
Therefore, the minimum value of the given function is -39

and maximum value is 25 .

8.

At what points in the interval [0, 21t] does the function
sin 2X attain, its maximum value?



Ans — Let f(x) = sin 2x
A f'(x) = 2 cos 2x

Now, f'(x) =0 = cos 2x =0

5 ™ 3nm 51 1
= N
X=gign 5o
m 3nm 51 71
:"X:————
4' 4’ 4" 4

Now, we evaluate values of f at critical points

W 3m &m Tm

i and at the endpoints of interval [0,2].

N
4’4’ 4

f(0) = sin 0 = 0,
f(2m) =sin 2n =10

Hence, we can conclude that the absolute maximum value of

; ; 5
f[0,2m] is occurring at x = gand s TH.

9.

What is the maximum value of the function sin x + cos x?



Ans - Let f(x) = sin x + cos x
~f'(x) = cos x —sin x

f'(x) = 0 = sinx = cosx

5

tanx=1=>x= et

N

f'(x) = —sin x — cos x = —(sin x + cos x)

Now, when (sin x + cos x) is positive, i.e., when sin x and

cos x are both positive, f'(x) will be negative.

We also know that in first quadrant, both sin x and cos x

are positive. Then, f" (x) will be negative when x € ({], g)

4 T
As a result, we consider x = "

() == (sin F+cos 3) = () =~V <0

G ; : L
By second derivative test, f will be maximum atx = 5 and

maximum value of fis

T hin ™
f(—) =sin —+cos —=—=X
4 4 4 42

=2

1 2
V2 42

10.

Find the maximum value of 2x3 — 24x + 107 in the interval
[1, 3]. Find the maximum value of the same function in
[—3,—1].



Ans - Let f(x) = 2x® — 24x — 107
S f(x) = 6x2 — 24 =6(x% —4)
Now, f'(x) =0=6(x*—-4)=0
%% =4 =px= 12

We first consider the interval [1,3].

Then, we evaluate the value of f at the critical point x € [1,3]

and at the endpoints of the interval [1,3]
f(2) = 2(8) — 24(2) + 107 = 75

f(1) = 2(1) — 24(1) + 107 = 85

f(3) = 2(27) — 24(3) + 107 = 89

Hence, the absolute maximum value of f(x) in the interval
[1,3] is 89 occurring atx = 3

Next, we consider the interval [—3, —1].

Evaluate the value of f at the critical pointx € [1,3] and at
the endpoints of the interval [—3, —1].

f(—3) = 2(—27) — 24(—3) + 107 = 125

f(—1) = 2(=1) — 24(—1) + 107 = 129

f(—2) = 2(—8) — 24(—2) + 107 = 139

Hence, the absolute maximum value of f(x) in the interval

[—3,—1]is 139 occurring atx = —2.

11.



It is given that at X = 1 the functionx* — 62x* + ax + 9
attains its maximum value, on the interval [0, 2]. Find the
value of a.

Ans-Letf(x) = x*—62x*> +ax+9
(%) =4x% —124x + a

It is given that function f attains its maximum value on the
interval [0, 2] atx = 1.

Zf'(1) =0
=>4-1244+a=0
= a =120

Hence, the value of ais 120.

12.
Find the maximum and minimum values of X + sin 2X on
[0, 27].

Ans - Let f(x) = x 4 sin 2x

S f'(x) =14 2cos 2x

Now, f'(x) = 0 = cos 2x = —%: cos ?

2T
ZKZZHi?,HEZ

T
ﬁx:ﬂig,nEZ

2m 4m 5m

TT
e
*=%"3"3" 3

€ [0,21]



Then, we evaluate the value of at f critical points = x =

m 2nm 4m bm

Fopee b and the end points of the interval [0,2T].

=ik B e—==

fT[)Tl’ 2 ™ V3
3/ 3 3 3 2

f(0) =0+sin0=0
f(2m) = 2 + sin4n = 2x

Hence, we can conclude that the absolute maximum value of
f(x) in the interval [0,27] is 2w occurring at x = 21 and the
absolute maximum value of f(x) in the interval [0, 2] is 0
occurring at x = 0.

13.

Find two numbers whose sum is 24 and whose product is as
large as possible.



Ans - Let one number be x. Then, other number is (24 — x).
Let p(x) denote the product of the two numbers.

= P(x) = x(24 — x) = 24x — x?

L P(x) =24 —-2x

P (x) = -2

Now,P'(x) =0=>x=12

Also,P""(12) = -2 <0

By second derivative test, x = 12 is the point of local
maxima of P.

Hence, the product of the numbers is the maximum when
the numbers are 12 and 24 — 12 = 12.

14.

Find two positive numbers X and y such thatx + y = 60

and xy? is maximum.



Ans — Let us assue two numbers be x and y then x + y = 60.
= y=60—x

Let f(x) = xy?

= f(x) = x(60 — x)3

L f'(x) = (60 + x)® — 3x(60 — x)? = (60 + x)°[60 — 4x]
And, f"(x) = —2(60 — x)(60 — 4x) — 4(60 — x)*

= —2(60 — x)(180 — 6x%)

= —12(60 — x)(30 —x)

Now, f'(x) =0

= x = 60,15

Whenx = 60,f"(x) =0

Whenx = 15,f"(x) = —12(60 — 15)(30 — 15) < 0.

By second derivative test, x = 15 is a point of local maxima

of f. Thus, function xy? is maximum whenx = 15andy =
60 — 15 =45

Hence, the required numbers are 15 and 45 .

15.

Find two positive numbers x and y such that their sum is 35

and the product x?y° is a maximum.



Ans - Let us assue two numbers be x and y then x + y = 35.
=y=(35-x)

Let p(x) = x%y®.

= P(x) = x%(35 — x)°

~ P'(x) = 2x(35 — x)° — 5x2(35 — x)*

= x(35 — x)*[2(35 — x) — 5x]

= 7x(35 — x)*(10 — %)

And,
P"(x) = 7(35 — x)*(10 — x)
+ 7x[—(35 — 5)* — 4(35 — x)3(10 — x)]

=7(35 —x)*(10 — x) — 7x(35 — x)* — 28x(35 — x)3(10
— %)

= 7(35 — x)*[350 — 45x + x® — 35x + x? — 40x + 4x?]
= 7(35 — x)*(6x% — 120x + 350)
Now, P'(x) =0

=x=—0%=35%="10



When, x = 35,f'(x) =f(x) =0

y=35—-35=0.

= Product x?y® will be equal to 0.

Whenx =0,y =35—-0=35

= Product x?y” will be equal to 0.

x = 0 and x = 35 cannot be the possible values of x.
When x = 10 we have:

P"(x) = 7(35 —10)3(—250) < 0

By second derivative test, P(x) will be the maximum when
x=10andy=35—-10 =25

Hence, the required numbers are 10 and 25.

16.

Find two positive numbers whose sum is 16 and the sum of
whose cubes is minimum.



Ans - Let one number be x. Then, other number is (16 — x).
Let sum of the cubes of these numbers be denoted by S(x).
= S(x) =x+ (16 — x)3

n §'(x) = 3x2 — 3(16 — x)?,

S"(x) =6x+ 6(16 — x)

Now, S'(x) =0 =>3x?—-3(16 —x)2 =0

= 2 (16 )E_U:} _256_
X X = X = 32—

Now, S”(8) = 6(8) + 6(16 — 8) = 96 > 0

By second derivative test, x = 8 is the point of local minima
of S. Hence, sum of the cubes of the numbers is minimum
when the numbers are8 and 16 — 8 = 8.

17.

A square piece of tin od side 18 cm is to be made into a box
without a top, by cutting a square from each corner and
folding up the flaps to form the box. What should be the side
of the square to be cut off so that the volume of the box is
the maximum possible?



Ans: Let side of the square be cut off by x cm. Then, length
and the breath of box will be (18 - 2x) cm each.

Box has a height of x cm. As a result, the box's volume V(x)
is given by, V(x) = x(18—2x)?

~V(x) = (18—2x)%2 — 4x(18—2x) = (18—2x)[18—2x—4x]
=12(9—x)(3—x)

And, V'(x)=12[-(9—x)—(3—x)] = —24(6—x)

Now, v/(x) =0=>x=29,3

If x =9, then length and breadth will become 0.

~X=9 =5x=3

=V"(3)=-24(6-3)=-72<0

* By second derivative test, x = 3 is the point of maxima of
V.

As a result, volume of box obtained is the biggest achievable
by removing a square of side 3 cm from each corner of

square tin and building a box from remaining sheet.

18.

A rectangular sheet of tin 45 cm by 24 cm is to be made into
a box without a top, by cutting off squares from each corner
and folding up the flaps. What should be the side of the
square to be cut off so that the volume of the box is the
maximum possible?



Ans: Let side of the square be cut by x cm. Then, height of
the box is x, length is 45—2x, and breadth is 24—2x.

V(x) =x(45 — 2x)(24 — 2x) = 4x3 — 138x% + 1080x
V!(x) = 12x2 - 276 + 1080 =12(x2 — 23x + 90)
—=12{x—18)(x—5)

V'(x) =24x-276 = 12(2x — 23)

Now, V/(x) =0 =x= 18,5

It is not possible to cut off a square of side 18 cm from each
corner of the rectangular sheet,

Thus, x cannot be equal to 18.
¥=h
Now, V"(5) =12(10 — 23) =—-156<0

Therefore, by second derivative test x = 5 is the point of
maxima. Hence, the side of the square to be cut off to make
the volume of the box maximum possible is 5cm.

19.

Show that of all the rectangles inscribed in a given fixed
circle, the square has the maximum area.

Ans - By Pythagoras theorem, we have:
(2a)? =12 + b?

= b? =4a? 2

=>b=+4aZ -2

Area of the rectangle, A = 1vV4a? — |2



= (-2
S _ 4a% 2P

Vi =P (-aD) - (4% - 2) — == (=2D)

— = y/4a? — lZ—I-l

4a2 — 12 4

@A 1 I
diz (4a2 —12)
B (4a® — 12)(—4D) + 1(4a® — 21?)
- (4a% — 12}%
—21(6a% — 12)
 (4a? 122

Nomi‘—?: 0gives4a® =212 =1=+2a

= b =+/4a2 — 2a2 = \/2a2 =/2a
Whenl =+/2a

d’A  —2(V2a)(—6a? —2a%) —8v2a®
di® 2+/2a° 2+/2a3

By second derivative test, when 1 = v/ 2a then area of the

rectangle is the maximum. Since 1l = b = v/ 2a the rectangle
is a square.

— 4 <0

Hence, it has been proved that the square has the maximum
area of all the rectangles inscribed in the given fixed circle.

20.

Show that the right circular cylinder of given surface and
maximum volume is such that its height is equal to the
diameter of the base.



Ans - Let r and h denote radius and height of cylinder
respectively. Then, cylinder will have Surface Area (S):

S = 2ur? + 2nrh

S — 2nr?

:}‘-l =
; 2nr

Let V be the volume of the cylinder. Then,

S—2nr?| r 1
V:m"zhzn’rz[ - ]ZE(S—ZHI‘E)ZE(SP—ZHPE}
dv._ S 51‘[1‘2_5 S
ar 2 2 2 °™
d2v
F:—énr
N dV_{]
ow, = =

S S
= —=3nrf=ri=—
> r S o

s
When r? = — then,
e

6mre /1
h = (—)—r:3r—r:2r
2T \r

Hence, the volume is the maximum when the height is twice
the radius i.e. when the height is equal to the diameter

21.

Of all the closed cylindrical cans (right circular), of a given
volume of 100 cubic centimetres, find the dimensions of the

can which has the minimum surface area?



Ans - Let r and h be radius and height of cylinder
respectively.

Volume (V) of cylinder will be,
V = nr’h = 100
100

Sh="—
T[IIE

Surface area (S) of cylinder will be,

_ 2 _ 2 : 100
S = 2nrc + 2nrh = 21ir© 4+ 2m 3
r

200
S =2nr?+ T 2mr? 4+ 200r 1

dS 200
— =4nr+ (—200r=2) = 4nr — ——
dr r?



dS

N — =10
Dw’dr
200
=2 ARP = —5-
r
g 200 50
PN ==
41 (i
1
5043
-
b
1
5043 d?*S
Whenr:(—) ,——==>0
n dr?

By second derivative test, when the radius of the cylinder is

1
503 ; S g
—) cm, the surface area is the minimum.

1 1

Whenr = (%)E,h = 2 (?)E cm.

Hence the required dimensions of the can which has the
1

v : - 5043
minimum surface area are EIVeIl as radius = ? cm and

1

height = 2 (5—;)3

22.

A wire of length 28 m is to be cut into two pieces. One of the
pieces is to be made into a square and the other into a

circle. What should be the length of the two pieces so that
the combined area of the square and the circle is minimum?



Ans - Let a piece of length [ be cut from given wire to make a
square. Then, the other piece of wire to be made into a
circle is of length (28 — [)m.

Let r be the circle's radius.

2mr = 28 — 1

1
=>r=—(28-1).

The combined areas of the square and the circle (A) is given
by,

12 1 2
_ 12 o o P o
A=1"4+7r _16+Hl2ﬂ(28 l}]
—12+1 28 — )2
"6t
'dA—21+2 28 —1 1—l - 28 —1
Tdl 16 4«n:( ) )_8 211:[: )
dEA_1+1 .
A -8 In-
N dA—o
DW,E—

| 1
= -———(28—-1)=0
8 211:( )

= (m+4)]1-112=0

112
m+ 4

Z}'l:




112 d?A

= Whenl=——-,— =10
R R |

L o 112
By second derivative test, area is minimum when [ =

T+4
T : .
Hence, when length of the wire is —, cmin making the

square the combined area is the minimum while the length

g ; ; ; 112 28w
of the wire in making the circle is 28 — — = — cm.
T4 m+4

23.

Prove that the volume of the largest cone that can be

inscribed in a sphere of radius R is 3 of the volume of the

sphere.



Ans - Letr and h be the radius and height of the cone
respectively inscribed in a sphere of radius R.

Let V be the volume of the cone.

V—l ’h
=g

Height of the cone is given by,

h =R+ AB = R + VR? — r? (ABC is a right triangle)

V= %m‘z (R+ JRZ — rz)

1 1
=V = —mréR + —nir?y/R%Z — 12

3 3
v 2 2 1 (—2r)
LB 3] T P Wl A
r 3nrR+3m‘R r+3'm VR
2 2 1 r3
= P L T S . M
—3T[I‘R+3T[I‘R r 311: =
:}dV_Z R+2T[R2—3T[I‘3
dr 3" 3JR—p2
d’v 2 9(R? — r?)(2nR? — 9nr?) + 2nrR? — 3nr*
FzgﬂrR‘I‘

3
27(R2 — r2)2



Now,— =0
OV
2 n 3mr® — 2nR2
= m—rR =
3 3“"'|R2 )

= 2R = 2Ry/R2 —r2 = 3r? — 2R?
= 4R* — 4R%r? = 9r* + 4R
= 9r* = 8R?r?
8
. §R2
When r? = ng then g <0

By second derivative test, the volume of the cone is the

. g
maximum when r? = = R2.

8
When r? = §R2’

h=R+ |R2 8R"——R+R—4R
N 9 3 3

=) )

_ 3 (4 RE)
—27\3"

8

= 5> X (Volume of sphere )

Hence, the volume of the largest cone that can be inscribed

in the sphere is % the volume of the sphere.

24.



Show that the right circular cone of least curved surface and

given volume has an altitude equal to V2 time the radius of
the base.

Ans - Let r and h be the radius and the altitude of the cone
respectively.

Volume (V) of cone will be,

1 5 3V
Vzﬁm‘ h:}hIF

The cone has the following surface area (S),

S = mrl ( [ = slant height)

= 1iry/ ¢ + h?2

gVy2 r/92r2 4 V2
=T7r |{r2 + S =T 5
mer mr




1
— \/TIZEI'E' + 9V?
r

651'5 2.6 7
ﬁzr Zdnzrﬁi—gvz_fn re 4+ 9V
dr 12

21°r® — 9y?

 r24T2r% + 9V2

S 9y?
NDW,_ = 0 = 2']'[2["5I = gvz — I‘E‘ — _2
dr 2T
: : G & 9VE A°S
Thus, it can be easily verified that when r® = e 0
By second derivative test, the surface area of the cone is the
gv2

least whenr® = —
22

1

gyZ 3V /2mirtyz 3 v2nr3
When, r® =— h = ( ) = = /21
' 2m2’ mr2 9 mrZ 3

Hence, for a given volume, the right circular cone of the

least curved surface has an altitude equal to V2 times the
radius of the base.

25.

Show that the semi-vertical angle of the cone of the

maximum volume and of given slant heightis tan™! /2 .



Ans: Let 0 be semi-vertical angle of the cone. It is clear that
BE[0,m2]. Also let 1y h, and | be the radius, height, and the
slant height of the cone respectively.

Slant height of the cone is given as constant.
Now r = 1sinfl and h = 1 cost

Volume (V) of the cone is given by,

1 1
L= gnrzh = E'ﬂ(lzsin2 8)(lcos 6)

1 .
== i’nlg’sm2 Bcos B



dv  1P’m_ _ .
" — = —[sin? 0(—sin 0) + cos 8(2sin Bcos 0)]

“de 3
13
= ?ﬁ [—sin® 6 + 2sin Bcos?® 6]
dZV ].3T[ .2 3 .o
162 = s [—3sin® Bcos B + 2cos® O — 4sin® Bcos 6]

13
= ?FIT[ZC-:)S2 B — 7sin? Bcos 0]

Now, e — 0

= sin® 6 = 2sin Bcos? B

= tan 0 = 2

=0 =tan! V2

Now, when 8 = tan"1 /2, then
tan® 8 = 2 orsin? 0 = 2cos? B

d?2v  IBn
e 3 —_ 3
:}dﬂz 3 [2 cos® 8 — 14 cos” 8]

= —4ml®cos®0 < 0 (ForB € [U, g] )

By second derivative test, volume (V) is maximum when
B = tan™! V2. Hence, semi-vertical angle of the cone of

maximum volume is tan~! v/2 for a given slant height.

26.

Show that semi-vertical angle of right circular cone of given

. . - 1
surface area and maximum volume is sin—! (5)



Ans - Let's assume x be radius, y be height and © be semi-
vertical angle of the cone.

Total Surface area of cone, S = mtx,/x2 + y2 + mx?
S

XxZ+y?+xi=—
T

Let's say% =k

= x/x% +y2 =k — x?
Squaring on both sides
x2(x2 +y?) =(k—x%)?
= x%y? = k2 — 2kx?

2
= 32 = ke (D
=




Volume of cone, V= é’m{‘?y

=:=U—1 k? 1 kz( y )
“3M\yzrak)Y T3 Pk

Differentiate on both sides,

dv 1 ..d ¥

dy 3 T dyy? + 2k
dv 1 (y2+2k)-1—y-2y
av_1_., . .
= T ik [ 02 1 2007 (Using quotient rule)

av 1 (2k —y?)
PR I S -
= dy 3™ EEEER (2)

Height can't be negative so we neglecty = —v 2k



So,y = V2k

As, ;L; > 0, therefore, Volume is maximum aty = v 2k

From equation (1), We get,

; k? kK k
S — T e i
2k+ 2k 4k 4
:_ Wk
e
Now, Semi-vertical angle of the cone,
X
sin 0 = ——
Jx2 +y?
vk
7 _v'l_(x 4 1
[k T 9k 3
zt 2k

=50 =i

27.

The point on the curve x2 = 2y which is nearest to the point
(0,5)is
&) (2vz) B @20  (©0,0 (D)(22)



Ans - Given curve is x> = 2y
2
For each value of x, y will be % and the position of the point
: x2
will be (X,E)

2
The distance d(x) between the points (X, x;) and (0,5) is
given by

d(x) = [(x—0)2+ X—E—Sz— iE—41=v:2+25
B 2 4

(x® — 8x)
Vx* —16x2 + 100

d'(x) —

Now, d'(x) =0=>x*—-8x=10

= x=0,12V2

And d" (x) = (x* — 16x% + 100)(3x*> — 8) —32[;-{3 _ 8x)?
(x* — 16x? + 100)2

When x = 0 then d”(x) = 222 < 0

When x = +2v2 then d(x) > 0
By second derivative test, d(x) is the minimum atx = +2v/2.
When x = iZ\E,y —

Hence, the point on the curve x* = 2y which is nearest to
the point (0,5) is (+2V2, 4).

Therefore, the correct option is A.

28.



For all real values of x, the minimum value of

1-—x+x%
f(x) = T
(4)0 (B)1 ©)3 ([))%
Ans-Letf(x) = i;:i
ey (14+x+x3)(-1-2%)— (1 —x+x2)A+ 2x)
() = (1 +x + x2)?
_ Bxe—a)
(1 +x+x2)?

PR =0=2x2=1=x—=11

(14 3x—x%)
(1+x+x2)3

Now, f"(x) = 4

4. L
(143 .1j| —4_ 0
(1+1+41)3 9

And, f"(1) =

Wi _4(1-3+1) 4

By second derivative test, f is the minimum at x = 1 and the

minimum value is given by f(1) = %

The correct optionis D.

29.

1
The maximum valueof [X(Xx + 1) + 1]5,0=x<1is
1

@ () (B)5 ©1 (D)0



Ans- Let f(x) = [x(x+ 1) + 1]5.

2x+1
L) = :
3[x(x+1)+1]3
Now, f(x) =0 = x = —%
But, x = — % is not part of the interval 0,1

Now, evaluate value of f at the endpoints of the interval 0,1
fie,atx=0andx = 1}

f(0) = [0(0—1) + 1]3 = 1

f0) = [1(1—1) + 13 = 1

Hence, we can conclude that the maximum value of fis 1 in
the interval 0,1.

The correct optionis C.

Miscellaneous Exercise

1.

Show that the function given by f(x) = Im? has maximum

atx = e.



Ans - f(x) = 2%

X

1
r _K(E)_IGBX_ 1 —logx
fifx) = o = >

X
f'(x) =0

= 1—logx=20
= logx=1
= logx = loge

—X=e8

%2 (— %) — (1 —logx)(2x)

) = o
—x — 2x(1 — logx)
~ —3+2logx

x3

—3+2loge 342 -1

g3 g3 a3

f”(E} ——

<0

fisthe maximumatx = e

2.

The two equal sides of an isosceles triangle with fixed base
b are decreasing at the rate of 3 cm per second. How fast is
the area decreasing when the two equal sides are equal to
the base?



Ans - Let AABC be isosceles where BCis the base of fixed

length b. Also let the length of the two equal sides of AABC
be a.

Draw AD1BC.

: | b2
Area of triangle = > b (a2 — &



b2
Area of triangle = Eb a2 — —

4
dA B 1 b 2a da B ab da
dt 2 pzdt a3z —p2zdt
2 32 — T
da .
3 cm/s
. da _ —3ab
" q "~ Vaar—p?
whena=>b
dA —3b? —3h?
—+/3b

dt 42 —b2 3b?

3.
Find the intervals in which the function f given by
4s5inX — 2X — XCOSX
f(x) =
2+ cosx
is (i) increasing (ii) decreasing

- — f(x) _ 4sin x—2x—Xcos X

2+cos x

) — (2 + cos x)(4cos x — 2 — cos x + xsin x) — (4sin x — 2x — xcos x)(—sin x)
= B (2 + cos x)?

_ (2 + cos x)(3cos x — 2 + xsin x) + sin x(4sin x — 2x — Xcos x)
- (2 + cos x)?

6cos x — 4 + 2xsin x + 3cos? x — 2cos x + xsin xcos x + 4sin? x — 2sin? x — 2xsin x — xsin xcos x
(2 + cos x)?

_4cos x—4+ 3cos? x + 4sin? x
N (2 + cos x)?

_ 4cos x — cos? x _ cos x(4 — cos x)
(2+cos x)2 (24 cos x)2




f'(x) =0
= cosx =0cosx =4
cosXx #* 4
cosx =0

T 3T

=2 == —
g

2
In (U, E) and (3“, 211) H'(x) =0

o
f(x) is increasing for 0 < x < gand 3?“ e ZiL
m 3T
In (—,—),f’(x) <0

: : 3
f(x) is decreasing furg <X < ?ﬁ

4.
Find the intervals in which the function f given by

1
f(x) =x3+x—3,1i0

is (i) increasing (ii) decreasing
Ans-f(x) = ° +—

o 5 & k3
FP) =30 =g

file)=0=3x5-3=0=x5=x=1¥1

In(—co,1)and (1,0)ie., whenx < —landx > 1,f'(x) =
0. Thus, when x < —1 and x > 1, fis increasing.

In(—1,1)ie,when -1 <x < 1,f'(x) < 0. Thus, when —1 <
x < 1,fis decreasing.



Find the maximum area of an isosceles triangle inscribed in
2 2
the ellipse % + % = 1 with its vertex at one end of the

major axis.

T
N

2

Ellipse i— + ‘":—; =]

Ans —

A(a cos 0, b sin 0)

B (a cos 0, —b sin 0)

2

Let ABC, be triangle inscribed in ellipse where vertex C is at
(a, 0). Since ellipse is symmetrical with x-axis and y-axis

b
M3 = i;vﬂz =%
Coordinates of A are (—xl,gu‘az — x? 1) and coordinates of
B are (xl, — 31332 — xz.) Since point (—x,, y; ) lies on the

ellipse, area of triangle ABC is



A_1
2

a (2?‘:] laZ — Xf) + (—x3) (—g [aZ — xf)

b
+ (—x4) (—E\f aZ — le)
b
= A = bay/a? —x21 +x; ~ aZ —x3

2
cdA —2xb +I_J 22 2bxy

4 — 2 _
dg; 2./a?2—-x? @ aZ./a’ — x2
b

=———[-x;a+ (@% —x3) —x?]

2,/a? —x2

dA  b(—2x{ —x{ +a?)

—

dx; Ayl — X7



da

dx,

= —2x7 —x;a+a’2=0

a+ a2 —4(-2)(a?)
2(-2)

:‘-‘;{1:

_aiv@az_aiBa
S -4 -4

a
:'Xl — Ay

x; cannot be equal to a.

Jaz —x2(—4x,—a)—(-2x3-x,a+a? =1L
2

d’A b 2 /a%-xy
a

P
a’—xj

b|(a® —x3) (- 4}(1—3}4—;{1( 2x7 —x,a+a?)

» (a? — x2)3



b 2x3 — 332}:— a’

2| (az-xd):

when x; = -,
a3 a3 a® 3
dEA_b 2§—3?—33 _b T—ESB—HB
d}{i 2 332 % 4 332 %
(55) 55)
9
b 133

5

i ¥ a ;
Area is maximum when x; = > Maximum area of the

triangle is

_ abv3 aby3 _ 3v/3

F bt g - F

6.

A tank with a rectangular base and rectangular sides, open
at the top is to be constructed so that its depth is 2Zm and
volume is 8m3. If the building of the tank costs Rs 70 per sq
meter for the base and Rs 45 per sq meter for the sides.
What is the cost of the least expensive tank?



Ans - Let ], b and h represent length, breadth, and height of
the tank respectively.

Given, height (h) = 2m and volume of tank = 8 m?

Volume ofthetank=1xbxh=1xbx2=8
4

Areaofthebase=1b =4

Area of 4 walls (A) = 2h(1 + b)

4
-'-A:4(1+T)

::udA—é} 1 *
a=41-g)



Area is the minimum when 1 = 2.
We havel =b=h = 2.
Cost of building base = Rs 70x(lb) = Rs 70(4) = Rs 280

Cost of building walls = Rs2Zh(l + h) x 45 = Rs90(2)(2 +
2) = Rs 8(90) = Rs 720

Required total cost = Rs(280 + 720) = Rs 1000

7.

The sum of the perimeter of a circle and square is k, where
k is some constant. Prove that the sum of their areas is least
when the side of square is double the radius of the circle.

Ans - 2nir + 4a = k (where k is constant)

k—2nr
— =
4 4

Sum of areas of the circle and the square (A) is given by,

k = 2nr)?
A:m‘z-l—azznrz—l——( )
16
dA 2(k — 2nr)(2m
.'.azznr+ ( 16 ) )221“‘
m(k — 2mr)

4



da

NUW’,E—U
n(k — Znr
5 5 T 2T
4
8r=k—2nr

> (8+2mr=k
k k

k d2a

S whenr = — = 0.
2(44m) ' dr2

k
wherer =

Areais least whenr = ;
2(441) 2(4410)

o=l
. 2(4+m)| 8k+2mk—-2mk  k 5
a7 4 T 24+mx4  4+m

8.

A window is in the form of a rectangle surmounted by a
semicircular opening. The total perimeter of the window is
10 m. Find the dimensions of the window to admit
maximum light through the whole opening.



Ans - x and y are length and breadth of rectangular window.

Radius of semi-circular opening = ;
X
“x+2y+—=10
= x(1+5)+2y =10
2

= 2y = 10— x(1 +E)

2

1 m
Sy=enlgty)

2
i3
:xlS—x(E+E)]+E>{xz=5x—x2(E+E)+Exx2

2 4 8 . 8
.'.d—A=5—2x(1—I—E)+EX
dx 2 4 4

d?A T T i
e L



dx
=5-x(1+5)+5x=0
2004
=5 T =)
X ‘4X-—
TL
:?}{(1 +-E) =
% 5 20
W= =
n m+ 4
(1+4)
_ 20 dEA{:D
X_Tr-l-i}'dxz

; ; 20
Area is maximum when length x = et

20 (24—11)_5 5(2+m 10
4 N ™+ 4 _T!I+4n1

10

; . ; 20
Required dimensions - length = — m and breadth = —m.
mt+4 m+4

9.

A point of the hypotenuse of a triangle is at distance a and b
from the sides of the triangle.
Show that the minimum length of the hypotenuse is

3
2

(aE + bg)z_



Ans — A ABC right-angled at B.
AB =xand BC =y.

Let P be a point on hypotenuse such that P is at a distance of
a and b from the sides AB and BC respectively.

AC=4/x2 +y2

PC = bcosecO
AP = asecB
AC = AP+ PC
AC = bcosect + asecB ......(1)
d(AC)
B — —bcosecBcot 8 + asec Btan 6
] d(AC) B
o

= asec Btan B = bcosecBcot B

a sin 6 b cos 6
—

cos 8 cos B sin Bsin B

= asin® 0 = bcos® 8



1 1
= (a)3sin 6 = (b)3cos 0

1

by3
= tan 0 = (—)
a
b 1 1
3 al3
sinEl:Landcns 6= @)
2 2 2 2
a3 + b3 a3 + b3
d2(ac) b\s
2(AC _ (b\3
Clearly TR 0 when tan 6 = (a) .

1

i ; b\z
= length of hypotenuse is maximum when tan 6 = (;)3.

L |

b
Now, when tan 6 = (5)

2 2 2 2
by{a3 + b3 a. /a3 + b3
AC = i i o i
b3 a3

3
2 2\7
» Maximum length of hypotenuse = (35 +F b§)

10.

Find the points at which the function f given
f(x) = (x—2)*(x+ 1)3 has

(i) local maxima (ii) local minima

(iii) point of inflexion



Ans-f(x) = (x — 2)*(x + 1)°

A =4(x—2)3(x+ 1) +3(x+ D2(x—2)*
=(x—2)3(x+ 1 [4(x+1)+3(x—2)]

= (x—2)3(x+ 1)?(7x — 2)

f'(x) =0=>x= —landx:%orxz 2
For x close to % and to left nf%, f'(x) >0
For x close to % and to right ofg, f'(x) > 0.

g ; s
X = —is point of local minima.

As the value of x varies f'(x) does not changes its sign.

x = —1 is point of inflexion.

11.

Find the absolute maximum and minimum values of the
function f given by
f(x) = cos’x +sinx,x € [0, 7]



Ans - f(x) = cos? x +sin x

f'(x) = 2cos x(—sin x) 4 cos x = —2sin Xcos x + cos x
f'(x) =0

= 2sinxcosx — cosx = cosx(2sinx—1) =0

) 1
:‘*51111{:501‘::053;:0

=S x=—0r—asx€ [0, ]
6 2
2

T T T V3
— 1 = 2 _ i —_ = | —
f(ﬁ) cos 6-|—51116 (2) +

5
4

2| =

f(0) = cos?04+sin0=14+0=1

f(m) =cos? n+sinm=(—-1)2+0=1

m T 0
— | = Z_ in— = =
f(Z) cos 2+511'12 0+1=1

. . 5 T
Absolute maximum value of fis F atx = =

Absolute minimum value offislatx=0,x = ;—[, and .

12.

Show that the altitude of the right circular cone of

maximum volume that can be inscribed in a sphere of

L . dr
radius r is 3



Ans-V = %nth

BC = +/r¢ —R?

h=r++r2—-R2

AV = %HRE (r+vr2—R?)

1 1
= V = —7nR?r + - nR?/r? — R?

3 3

dV_Z R +2T[ i RE—I—RZ (—2R)
drR 3 T3 V! 3 2y —RZ

2 Rr+2n R/ _RE R3
BERE R VR
2 2nRr(r? — R?) — nR?
=—-mRr +

3 N

dv 2 2nRr? — 3nRr?
= —=—nRr+

dR 3 3vr2 — R2

dv 8
dR
2mrR 31mR? — 2mRr?
3 3R
= 2ry/r2 — R2 = 3R? — 2r?

= 4r2(r? — R?) = (3R? — 2r?)2

=

= 14r* — 4r?R% = 9R* + 4r* — 12R%*r?
= 9R* — 8r’R? = 0
= 9R? = 8r?

:}Rz_Br‘E
9



d2v _2mr

dRZ 3

3vr2 — R2(2mr? — 9nR?) — (2nR? — 31R®)(—6R) 2 21 R2
5= 2
+ 9(r2 — R2)
d’V  2nr
= P s
dR? 3
3vr?2 — R2(2mr? — 9nR?) — (2nR® — 3nR?) (3R) 2 21 RZ
e I
+ 9(r? — R%)
2 2
when R? = Bi,ﬁ < 0.
9 ’dRZ
8r 8r2
volume is the maximum when R? = T R? = T
- — r 4r
g Sl

~ height of the cone = —

13.

Let f be a function defined on [a, b] such that f'(x) > 0 for
all x € (a, b). Then prove that f is an increasing function on

(a, b).



Ans - Consider I be the interval (a,b)

Given that f'(x) > 0 for all x in an interval I. Consider

Xy, Xy, € Iwithx; < x5

By Lagrange's Mean Value Theorem, we have,

f(xz)—f(x41)
Xa—Xq

= f'(c) wherex; < c < x,

= f(x,) — f(x;) = (x5 — % )f'(c) wherex; <c<x,
Nowx; <X; @ X, —X; >0 ......(1)

Also, f'(x) = 0 for all x in an interval I

= f'(c) =0

From equation (1), f(x,) — f(x,) > 0

= f(x;) < f(x;)

Thus, for every pair of points x;, x;, € l with x; < x,

= f(x;) < f(x;)

Therefore, f(x) is strictly increasing in I .

14.

Let f be a function defined on [a, b] such that f'(x) > 0, for
all x € (a, b). Then prove that f is an increasing function on

(a, b).



Ans-h = 2vRZ — 2
V = nr’h = 2nr2/R% — r?

av Y = 2mr?(—2r)
ar 0 d RZ — 12
27ir3
= 4mir/R? —r? — =
—r

_ 4nr(R* —r?) — 2nr?

RE_I.E

dV  4mrR? — 6mr?
= — =
dr R — 12




dv
Now, — = 0 = 4nrR? — 6mr® =0

dr

2R2
=>p2=__
] 3

JR2 _ 2 o 2y n2 zﬂ
dzv: R%Z —r?(4mR* — 18nr=) — (4mrR fmr)zm

dr? (RZ — r2)

(R? — r?)(4nR? — 181r?) + r(4nrR? — 6mr?)

3
3 4mR* — 22nr?R? 4+ 12nr* 4 4nr?R?
B 3
" d2v _ 3
drz /.2 2) 3
(R r 5
5 2R2 d3v 5
=—,—<
r 3 'dr?
2
Volume is maximum when r? = %

R s / g A (B, 0K
~ Height of the cylinderis 2 (R s 2\/: ==

15.

Show that height of the cylinder of greatest volume which
can be inscribed in a right circular cone of height h and semi
vertical angle a is one-third that of the cone and the

. . 4
greatest volume of cylinder is = nh3tan’a



r=htana

since A AOG is similar to A CEG,

s (htana — R)

= H =

ht —R
tanﬂ(lana )



2
Volume of cylinder, V = nR?H = %(htan a—R)

R3
= V = tR%h —
tan a
dVv P 3InR?
dR T tan a
0 = 27Rh 3mR?2
—_— — ==
dR T tan a

= 2htan a = 3R

SR- 211t

=g, an a
dzv_z Rh 6mR
drRZ T tan a

WhenR = 3 tana we have,

LS (zht )—21 T
dRz— mn A 3 an a | =— AT T = T

: : zh
Volume of cylinder is greatest when R = — tan a.

1 Z2h 1 shtan a
= H = (htau a—?tan a): ( ):

tan a tan a 3

w| =

Maximum volume of cylinder can be obtained as

v (th )z(h)_ 41121: " (h)
1 3 na 3 = Tt 9 411° a 3

=3 Vi E?‘[hztanz a

16.



A cylindrical tank of radius 10 m is being filled with wheat
at the rate of 314 cubic meters per hour. Then the depth of
the wheat is increasing at the rate of

(A)1m/h (B)0.1m/h
(C)1.1m/h (D)0.5m/h
Ans - V = mi( radius )? X height
Given radiusr = 10 m

= V = (10)2h = 100wh

d_V dh

= 1001-—

dt dt

Tank is being filled with wheat at rate of 314 cubic meters
per hour.

:-dV—SH» 3 /h
R m®/

dh
314 = 100t —
dt

i dh 314 = 314
dt  100(3.14) 314

=1

The depth of wheat is increasing at 1 m/h.

The correct answer is A.



