NCERT Solutions for Class 12 Maths

Chapter 5 — Continuity and
Differentiability

Exercise 5.1
1.

Prove that f(X) = 5x — 3 is a continuous function at x=0,
x=—3 and x=5.

Ans - The given function is f(x) = 5x — 3

Atx =10,

Q) =5 X0—=3=—3

Taking limit as x — 0 both sides of the function give
ii_t}t{]}f(xj = Lif}l&(Sx— N =EHXD-3=-23

= ll_IE f(x) = f(0)

= f satisfies continuity atx = 0

Atx=-—3

f(—3) =5 X(—-3)—3=-18

Now, taking limit as x — 3 both sides of the function give
Li_lgf(x) = 1{1_1}1% (bx=3) =5 % {=3)=3=~18

= }1{1_1‘1:} f(x) = f(—3)

= f satisfies continuity atx = —3



Atx =25,

K&y =£05b) =5 ¥ 5—-3=25—-3 =122

Taking limit as x — 5 both sides of the function give
}(I_I}I'Elf(x) = LHI;[SX—E} = i s 3232

=" 2}(1_1.1% f(x) = f(5)

= f satisfies continuity atx = 5

2.

Examine the continuity of the function f(x) = 2x? — 1 atx
=3

Ans - The given function is f(x) = 2x% — 1

Atx = 3,

f(3)=2 %3 —1=17

Taking limit as x — 3 both sides of the function give
}:_Igf(x) — :1!(1_12 (2x?—1) =2 x3*—1=17

= }(1_1.1% f(x) = f(5)

= f satisfies continuity atx = 3.



Examine the following functions for continuity.
(a)f(x) =x-5

1
b) £(0) =
. x2-25
(c)f(x}:lxl_lgcl — JX%5
5—xifx<5
@ 1) = |x =5 _{x—s,ifxzs

Ans - (a) The given functionisf(x) =x—5

[t is assured that for every real number k, f is defined and
its value at k is k — 5. Also, it can be noted that

limf(x) = lim f(x—5) =k =k —5 = f(k)
= lim f(:)=f(k)

~ f satisfies continuity at every real number and so, itis a
continuous function.

(b) The given function is f(x) = :15

Letk # 5 be any real number. Taking limit asx — kon
both sides of the function give,

. _ 1 1
o) = i f(z—5) ==

f(k) = é, sincek # 5

=~ L}_r}rﬁf(x) = f(k)

- f satisfies continuity at every point in the domain of f and
so, it is a continuous function.



xZ—25

HES
5

(c) The given function is f(x) = lim -
X—=C

Let ¢ # 5 be any real number. Taking limit as x — ¢ on both
sides of the function give,

x% —25 i (x+5)(x—15)

SIS s T s
= lim(x — 5) = (¢ — 5)

i—*C
f(c) = (et R (c — 5), since c # 5.

c+5

= Lll'[;lf(}{) = f(c)

~ f satisfies continuity at every point in the domain of f and
so it is a continuous function.

5 —xifx<5H

(d) The given functionis f(x) = |[x — 5| = {x _5ifx>5

f is defined at all points in the real line. Let ¢ be a pointon a
real line.

= We have 3 cases:-c < 5orc=5o0orc > 5.

Case(i):c <5

f(c) =5—c

limf(x) =lim(b—x) =5—c

X—=C X—=C

= lim f(x) = limf(c)

. fis continuous at all real numbers which are less than 5.



Case (ii):c =5
f(c) =f(5)=(B—-5)=0
lirii f{x) = Jlim{5—x) = (b—h) =0
X—h™ x—=5
Similarly
xllag!" f(x])— Ll_].lg(}{ —5) =10
= lim f(x) = f(c).
X—C

~ f satisfies continuity at x = 5, and so fis continuous at
x5

4.

Prove that f(x) = X" is continuous at x=n, wherenisa
positive integer.

Ans - The given function is f(x) = x"

Function f is defined at all positive integers n and its value
atx = nisn".

lim f(n) = lim f(x®) = n®
X—1 X
= lim f(x) = f(n).

X1

= Function f(x) = x" is continuous at x = n, wherenisa
positive integer.

5.
Is the function f defined by

xifx=1
() = {5, ifx>1

continuous atx=0,x=1? Atx = 2?7



x ifx=1
5ifx>1

Ans - The given function is f(x) = {
Function f is defined at x = 0 and its value at x = 0 is 0.
o0 0 = g =0

= lim f(x) = f(0)

~ Function fis continuous at x = 0.
Function f is defined at x = 1 and its value atx = 1 is 1.
Left-hand limit of the function fatx = 1 is

) = I x =1

Similarly right-hand limit of the function fatx = 1 is
Jim 9 = Jim (5
oy :
i 109 = i 160
- Function f is not continuous at x = 1.

Function f is defined at x = 2 and its value at x = 2 is 5.

lim f(x) = limf(5) = 5.

X—2 X2

= lim f(x) = f(2)

.~ Function f is continuous atx = 2.

6.
Find all points of discontinuity of f, where f is defined by,

£(x) _{2x+3.ifx52
C2x-3,ifx>2



2x+ 3,ifx <=2

Ans - The given function is f(x) = {Zx 3 ifx > 2

Function f is defined at all the points in the real line. Let us
consider c be a point on the real line.

= 3 cases will bethere:-c < 2orc > 2orc=2
Case (i), Whenc < 2
f(c)=2c+3

lim f(x) = lim (2x 4+ 3) = 2c + 3.
X—+oo

X—C

= lim f(x) = f(c)

X—*C

. Function f is continuous at all points x, where x < 2.

Case (i), When c > 2
fley=2e=3
limf(x) = lim (2x—3) =2c—3
X—C X—00
= lim f(x) = f(c)
X—=*C

* Function f is continuous at all points x, where x > 2.

Case (1ii), When c = 2

Left-hand limit of the function fatx = 2 is
}!ngl_ f(x) = xligl_(ZX-l— 3N=2%X21+3=7
Right-hand limit of the function fatx = 2 is,
,}H{i f(x) = xliglJr(Zx +3)=2x2-3=1.
= Atx—2, xlligl_ f(x) # J{lir;1+ f(x).

“ Function f is not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of the
function f(x).



Find all points of discontinuity of f, where f is defined by,

x| +3,ifx < —3
f(x)=1—2xif —-3<x<3
6x+2,ifx=3

|x] +3,ifx < —3
Ans - The given functionis f(x) = {—2x,if -3 <x < 3
6x+2,ifx=3

Function f is defined at all the points in the real line. Let us
assume c as a point on the real line.

= 5 cases may arise:-c < —3orc=—-3o0or—3 <c <
3.ore.=3orc> 3.

Case (1), Whenc < —3
f(c) = —c+3
limf(x) =lim(—x+3) =—c+3
X—C X—=C
= limf(x) = f(c)
X—=C
 Function fis continuous at all points x, wherex < —3

Case (1i), When c = —3
f(—3) =—(-3) +3=6
Left-hand limit of the function f will be

lim f(x) = liﬂ_{—x—l- 3) =—(—3) +3 =6

x——3
Similarly right-hand limit of the function f will be

xﬂﬂ+ f(x) = xEﬂ+ (—2x) =—2X%X(—3) =6

= lim f(x) = f(-3)

s Function fis continuous atx = —3



Case (iii), When —3 < c¢< 3

f(c) = —2c
lim f(x) = lim f(—2x) = —2c.

X—C X—C

= limf(x) = f(c).

i—=C

. Function f is continuous at x, where —3 < x < 3.
Case (iv), When c = 3

Left-hand limit of the function fatx = 3 is

lim f(x) = lim(—2x) = —-2X 3 =—6 and

X3 b

Similarly right-hand limit of the function atx = 3 is

lim f(x) = li11}+(6x +2)=6x3+2 =20
K——

x——3t
= Atx =3, lim (x) = lim f(x).
x—3~ x—37t

. Function fis not continuous atx = 3

Case (v), When c > 3.

f(c) = 6c+2

lim f(x) = lim (6x+ 2) = 6¢c+ 2.
X—c X—¢

= E_IE f(x) = f(c).

 Function fis continuous at all points x, when x > 3

Hence, x = 3 is the only point of discontinuity of the
function f.

8.

Find all points of discontinuity of f, where f is defined by,

™ s 0
f) =% 0 %7
0,ifx=0



x| .
Ans - The given function is f(x) = { X U}

0,ifx=10

f(x) can be rewritten as

(x| —x ;
—=—=-1,ifx <0
X X
f(x) = 1 0,ifx=10
x|  x .
—=—-=1,ifx>0
X X

Function f is defined at all points of the real line. Let us
assume c as a point on the real line

Three cases may anise, eitherc < 0,orc = 0,orc > 0.

Case (1), When c < 0.
fc) =—1
lim f(x) = lim(—1) = —1.
X—=C X—=C
= limf(x) = f(c)
X—C
~ Function f is continuous at all the points x wherex < 0.
Case (if), When c =0

Left-hand limit of the function fatx = 0 is

lim f(x) = lim(—1) = —1 and

x—=0" Xx—=0—

Similarly right-hand limit of the function atx = 0 is
xlﬂagr f(x) = ;{li%]+(1} =1,

Atx=0, }!:1_1351_ f(x) # xllt{I}l+ f(x).

. Function f is not continuous at x = 0.



Case (1ii), When ¢ > 0.
fe)=1
lim f(x) = lim(1) = 1.
X—=C X—C
= lim f(x) = f(c).
X—C
~ Function f is continuous at all the points x, for x > 0.

Hnece, x = 0 is the only point of discontinuity for the
function f.

Find all points of discontinuity of f, where f is defined by,

X

—, ifx<0
f(x) = qIx]

—1,ifx=0



X
—= i )
Ans - The given function is f(x) = {IXI

—1,ifx=0
We know that, if x < 0, then |x| = —x
x|  x s
? = _X =—1 lf}{ <0
= f — =
=974, if x = 0
—1, ifx >0
= f(x) = —1 for all positive real numbers.

Assume c as any real number.

= 3 cases may arise, eitherc < 0,orc=0,0rc > 0.

Case (i), Whenc < 0

f(c) = —1and

lim f(x) = lim(—-1) = —1.

X—cC X—C

= lim f(x) = f(c)

X—cC

~ Function fis continuous at all the points x where x < 0.
Case (1i), Whenc =0
Left-hand limit of the function fatx = 0 is
J_i}gl_ Hx) = xl_i,]ﬁl—(_lj — —1 and
Similarly right-hand limit of the function atx = 0 is
Jip, 160 = Jim (1) =1
Atx =0, xl_i}{];l_ f(x) = J_iféh f(x).

~ Function fis continuous atx =0



Case (7ii), When ¢ > 0.
flc) =—1
lim f(x) = lim(—1) = -1
X—=C X—=C
= lim f(x) = f(c)

X—=C

~ Function fis continuous at all the points x, forx > 0

~ the function f(x) is a continuous function. Hence, there
does not exist any point of discontinuity.

10.
Find all points of discontinuity of f, where fis defined by,

f(x)—{x-l_ 1,ifx=1
T xF41ifx<1

x+1,ifx=1

Ans - The given function is f z{
S e given function is f(x) 2 +1ifx<1

Function f(x) is defined at all the points of the real line.
Assume c as a point on the real line.

= 3 cases may will be there, eitherc< 1,orc=1,0rc > 1.

Case (1), When c < 1.
f(c) =c?+1
limf(x) =lim(x2+1)=c?+1
X—C A3C
= lim f(x) = f(c)
X—*C

~ Function fis continuous at all the points x, where x < 1.



Case (ii), Whenc =1

) =H{1)=1+4+1=32

Left-hand limit of fatx =1 is

RILIP_ f(x) = }}lr{"k_(xz +1)=12+1=2

Similarly right-hand limit of the function atx = 1 is
}‘;11}1111r f(x) = }}LI{}F(X +1)=1+1=2.
= lim f(x) = f(c)

X—=C

5 Function f is continuous at x = 1.

Case (iii), When ¢ > 1.

Then, we have f(¢) = c+1lland

limf(x) =lim(x+1)=c+ 1.

X—C X—C

Therefore,

lim f(x) = f(c).

X

~ Function f is continuous at all the points x, where x > 1.

Hence, there does not exist any discontinuity points.

11.
Find all points of discontinuity of f, where f is defined by,

£(x) = {x3—3, ifx<2
x2+1,ifx>2



x3—3. ifx =<2

Ans - The given function is f :{
s e given function is f(x) 2+ Lifx > 2

Function f is defined at all points in the real line. Let us
assume c as a point on the real line.

Case (i), When c < 2

fie) =c—3
lim f(x) = lim (x* —3) = ¢ — 3.
X—C X—=C

~ Function f is continuous at all the points x, where x < 2
Case (7i), When c = 2
f(c) =f(2) =23—-3=5
Left-hand limit of the function is
Rl_lgl_ f(x) = xl_igl_(xa —3)=23-3=5
Similarly right-hand limit of the function is
xlig‘# f{x) = Ki_ig’gr[xz +1)=2%2+1=5.
= L1_1'1% f(x) = £(2).
“» Function f is continuous at x = 2
Case (iii), When c > 2
f(c) =c? + 1
lim f(x) = lim (x? + 1) = c? + 1.
X—c X—C
= lim f(x) = f(c).
X—e
~ Function f is continuous at all the points x, where x > 2.

Thus, the function f is continuous at all the points on the
real line. Hence, f does not have any point of discontinuity.



12.

Find all points of discontinuity of f, where f is defined by,
x10 -1 ifx=1
f(x) = { :
(%) xZ2ifx > 12

x10 -1 ifx<1

Ans - The gi functionis f :{
S e given function is f(x) o2 ifx > 12

Function f is defined at every point of the real line. Let us
assume c as a point on the real number line.

Case (1), When c < 1.
f(c) =cl?®—1
hmA(x) = lim (1% —1) =c®—1
x—c X—C
= lim f(x) = f(c)
X—¢C
* Function fis continuous at every point x, for x < 1.
Case (i), Whenc =1
Left-hand limit of the function f(x) atx =1 is

lim f(x) = lim (x}* —1) =1 -1=1—-1 and
Xx—1" X—=1"

Similarly right-hand limit of the function fatx = 1 is

- 1 L N S

lny 09 = Jiy ) = 1= 1

So, we can notice that, lim f(x) = lim f(x).
x—1- x—1t

~ Function fis not continuous atx =1



Case (1ii), When c > 1
ffe) = ¢’
lim f(x) = lim (x?) = c?
X—C X—=C
= lim f(x) = f(c)

X—C

~ Function f is continuous at every point x, for x > 1.

Hence, we can conclude that x = 1 is the only point of
discontinuity for the function f.

13.

Is the function defined by f(x) = {}:{t 55’ ilff : f : a

continuous function?

x+ 5, ifx<1

Ans - The given function is f(x) = {x 5tz 1

Function f is defined at every point on the real line. Let us
assume c as a point on the real line.

Case (1), Whenc < 1

f{c) ~e+ 5

Iimf(x) =lim(x+5) =c+5
X—=C X—>C

= ‘Ll_r}ré f(x) = f(c)

~ Function f is continuous at every point x, forx < 1



Case (1i), When c = 1.

f(1) =14+5=6

Left-hand limit of the functionfatx=11is
lim f(x) = lim (x+5)=14+5=6

x—=1" x—1"

Right-hand limit of the functionatx = 11is
xllﬂlf[x} :1}1}{1(}{_ 5 =1—-5=4

= }}L]’{l_ f(x) = xlﬂgr f(x)f(x).

5 Function f is not continuous at x = 1.

Case (iii), When c > 1.

f{c) =c—5b
limf(x) =lim(x+5)=c—5
X—=C X—=C

= lim f(x) = f(c)
X—C
* Function fis continuous at every point x, for x > 1.

Hence, we can conclude that x = 1 is the only point of
discontinuity for the function f.

14.

Discuss the continuity of the function f, where f is defined
by

Jifx=x=<1
f(x) = i4, ifl<x<3
5if3=x=10



Fifx=x<1
Ans - The given functionis f(x) = {4, ifl1 <x <3
5if3 <x<10

Function f is defined in the interval [0, 10]. Let us assume ¢
as a point in the interval [0, 10].

Then there may arise five cases
Case (1), When 0 < c < 1.
fc)=3.
limf(x) =lim(3) =3
X—=C X—C
= lim f(x) = f(c)
X—C
 Function fis continuous at the interval [0, 1].
Case (ii), When c = 1.
f(3)=3
Left-hand-limit of the function atx = 1 is
lim f(x) = lim (3) =3
x—1 X1
Right-hand limit of the functionatx =1 is
2 100 = Ip () =4
= lim f(x) = lim f(x).
o =17
~ Function f is not continuous at x = 1.
Case (7ii), When 1 < c < 3
f(c) =4
Iim f(x) = lim (4) = 4.
X—=C X—C
= lim f(x) = f(c)
X—C

* Function f is continuous at every point in interval [1, 3].



Case (1v), When ¢ = 3.

f(e)=5

Left-hand-limit of the function fatx =3 is
lim f(x) = lim (4) = 4

Xx—3- X—3~

Right-hand limit of the function atx = 3 is
,313}1 fix) = xl_lglJZS] = B

:"xlilgl_ f(x) = JL‘;L f(x).

~ Function f is not continuous at x = 3.

Case (v), When 3 < ¢ < 10.
fie) =5
lim f(x) = lim (5) = 5.
X—C X—=C
= lim f(x) = f(c)
X—C
» Function f is continuous at every point in interval [3, 10]

Hence, the function f is not continuous at x = 1 and x = 3.

15.

Discuss the continuity of the function f, where f is defined
by
2xifx <0

f(x) =4{0,if0=x=1
4xifx > 1



2x,ifx <0
Ans - The given function is f(x) = {0,if0 =x <1
4x,ifx > 1

Let us consider c be a point on the real number line. Then,
five cases will be there.

Case (1), When c < 0
f(c) = 2¢c
lim f(x) = lim (2x) = 2c.
xX—cC X—cC
= lim f(x) = f(c)
X—¢
~ Function f is continuous at every point x whenever x < 0.
Case (1i), Whenc =0
f(c)=f(0)=0
Left-hand-limit of the function fatx = 0 is
Jip 169 = Jim (20 =0
Right-hand limit of the function at x = 0 is,
Jig 16 = Jim @ =0
= LI_I.IS_ f(x) = £(0).
 Function fis continuous atx =0

Case (Tii), When 0 <c < 1
f(x) =0

lim f(x) = lim(0) = 0

X—c X—¢

=> Ll_l}lg Hx)={0(¢c)

“» Function fis continuous at every point in interval (0, 1).



Case (iv), Whenc =1
He)y=F{T)=0
Left-hand-limit of the funtion atx = 1 is,
lim f(x) = lim (0) =0
x—=1" Xx—=1"
Right-hand limit of the function at x = 1 is,
Kllﬁ]+ f(x) = xiﬂ{‘i (Ax) =4 x1=4.
o .
}!LI}‘[_ f(x) = xlﬂ]j':} f(x).
~ Function fis not continuous at x = 1.

Case (v), Whenc > 1
f(c)=f(1)=0
lim f(x) = lim (4x) = 4c
X—=C X—=C
= lim f(x) = f(c)
X—C
~ Function f is continuous at every point x, forc > 1.

Hence, the function f is discontinuous only at x = 1.

16.

Discuss the continuity of the function f, where f is defined
by

—2,ifx=-1
f(x) ={2xif—-1<x<=1
2, ifx>1



_2,ifx< —1
Ans - The given functionis f(x) = {2x,if —1 <x <1
2, ifx> 1

Function f is defined at every point in the interval [—1, 02).
Let us assume c is a point on the real number line

Case (1), When c < —1
f{c) =—2
limf(x) = lim(-2) = —2.
X—=C X—=C
= lim f(x) = f(c)
X—=C
~ Function f is continuous at every pointx for x - 1.
Case (1i), When c > 2
f{ey—=2e==3
limf(x) = lim (2x—3) =2c—3
X—=C X— 0D
= lim f(x) = f(c)
X—C
* Function f is continuous at all points x, where x > 2.
Case (ifi), When —1 <c< 1
f{c) =2e
lim f(x) = lim (2x) = 2c.
X—=C X—=C
= lim f(x) = f(c)
X—=C

~ Function f is continuous at every point in interval (—1, 1).



Case (iv), When c = 1.
flc)=H1)=2x%x1=2

Left-hand-limit of the function atx =1 is
I}LI}]_ f(x) = ‘!1.1{1_ (2x)=2% 1 =2
Right-hand limit of the function at x = 1 is,
lell f(x) = }311{12 = 8

= }{1_]"1‘11 fix) = ffe).

~ Function f is continuous at x = 2.

Case (v), When c > 1.
f(c) =2

lim f(x) = lim (2) = 2.
Xx—2 x—2

= lim f(x) = f(c).
x—1

~ Function fis continuous at every point x, for x > 1.

Hence, it can be concluded that the function f is continuous

for all points.

17.
Find the relationship between a and b so that the function f

defined by f(x) = {ﬂx-i-l,lf}{‘:_: 3

bx+3ifx>3 is continuous at x=3



ax+1,ifx <3

Ans - The given function is f(x) = {bx 13 ifx>3

The function f will be continuous atx = 3 if
lim f(x) = lim f(x) =f(3), ccceevveee (1)
X3~ X—=3~

1i1§1_ f{x) = lilg}_ (ax+1)=3a+1,

;}E{i f(x) = xllg‘# f(bx+ 1) =3b+ 3, i l2)
and
f(3) =3a+1 k)

s from (1), (2), and (3) we get,
3a4+1=3b+3

=3a=3b+2
= —b+2
ATPT3

Hence, the required relationship between a and b is given
bya=b+ g

18.

For what value of A is the function defined by
_ (A(x*—-2x),ifx<0. i
f(x) = { 4x 4+ 1ifx > 0 is continuous at x=0. Also

discuss the continuity of f at x=1?



Ax? —2x),ifx<0

Ans - Tl iven f tion is f 2{
s - The given function is f(x) AL F5 >0

Function f will be continuous atx =0 if

lim f(x) = lim f(x) = f(0).

x—0~ x—0t

Also, the R H.L and L.H.L are given by,

xli}]{l}‘i_'_ fix) = ,}i%l f(4x+1)=4(0)+1=1,

lim f(x) = lim A(x* —2x) =A(02 —2x0) =0
x—=»0" x—0"

So xiﬂ{l}gr f(x) = Klilgl_ f(x).

Hence, there does not exist any value of A for which fis
continuous at x = 0.

Now,atx=1,
f(1)=4x+1=4%x14+1=5
li11}f(4x+1}=4><1-i—1:5
X—

= lin} f(4x + 1) = f(1).
x—l

Hence, function fis continuous at x = 1, for all values of A.

19.

Show that the function defined by g(x) = x — [X] is
discontinuous at all integral point, here [x] denotes the
greatest integer value of x that are less than or equal to x.



Ans - The given function is g(x) = x — [x]

Function is defined at every integral point. Let us assume
that n is an integer.

Then,g(n) =n— [n] =n—n=20
Left-hand-limit as x — n to the function g gives
lim g(x) = lim [x — [x]] = lim (x) — lim [x]
X—+n X—n X—n X—n
=n—(n-1)=1
Right-hand-limit on the function atx = nis

lim g(x) = lim |[x—|x]|=lim (x) — lim|x] =n—n=0
x—nt g( } x—n't [ [ ]] x—}n+( ) x—}n"’[ ]
= lim g(x) # lim g(x).
X—n- x—nt
~ Function f is not continuous atx = n,

Hence, the function g is not continuous at any integral point.

20.

Is the function defined by f(x) = x? — sinx + 5 is
continuous at x = 1.



Ans - The given function is f(x) = x? — sinx + 5

Atx =,

f(x) =f(m) =n® —sinx+5 = —-0+4+5=n?+5
Taking limit as x — T on the function f(x) gives

lim f(x) = lim (n? — sinx + 5).

X—T0 X—T0

Now substitute x = ™ + h into the function f(x).
Whenx — m, thenh — 0

= lim f(x) = lim (n® — sinx) + 5.
=T X—=T

= %lin%F [(m +h?) — sin ( +h) +5]
= lim (mw +h)? — lim sin ( +h) +lim 5

h—0 h—0 h—0
=(m+0)% - %lin%[sin m.cosh + cosm.sinh] + 5

= m? — lim (sinm.cosh) — lim(cosT.sinh) + 5
h—0 h—0

=1 — sinT. cos 0 — cos 1. sin 0 + 5.

=2 —0x1—(—1)x04+5=n2+5
= limf(x) = f(m).
X=X

Hence, it is concluded that function f is continuous at x = n.

21.
Discuss the continuity of the following functions:

(a) f(x) = sinx + cosx (b) f(x) = sinx — cosx
(c) f(x) = sinx X cosx



Ans - It is known that if two functions g and h are
continuous, then g+h, g-hand, g, h are also continuous.

Let us assume that, g(x) = sinx and h(x) = cosx are two
continuous functions.

As g(x) = sinx is defined for every real number, so let c be a
real number. Substitute x = ¢ + h into the function g.

Whenx — ¢, thenh — 0.

g(c) = sinc

lim g(x) = lim sinx

X—2C E3C

= Il]l_I:% sin(c + h)

= ]llilt%[sin c.cosh + cosc.sinh]

= 111}1,13(5111 c.cosh) + }111}13 (cos c.sinh)

=sinc.cos0 + cosc.sin0
=sinc+ 0 =sinc
= lim g(x) = g(c).

X—C

“ Function g is continuous.



Now let us assume that h(x) = cosx

Function h(x ) = cosx is defined for every real number. Let
¢ be a real number

Substitute x = ¢ + h into the function.
Whenx — ¢, thenh — 0
h(c) = cosc

lim h(x) = lim cos x
X—=C X—=C

= lim cos(c + h)
h—0

= ]l]in% [cosc.cosh — sin c. sin h]

= lim(cos c.cos h) — lim(sin c. sin h)
h—0 h—0

= cosc.cos0 —sinc.sin0

=coscXx1—sincx0

= cosc
= }l]_l’,la h(x) = h(c)

~ Function h is continuous

Hence, we conclude that all the following functions are
continuous.

(a) f(x) = g(x) + h(x) = sinx + cosx
(b) f(x) = g(x) — h(x) = sinx — cosx
(c) f(x) = g(x) X h(x) = sinx X cosx

22.

Discuss the continuity of the cosine, cosecant, secant and
cotangent functions.



Ans - We know that if two functions say g and h are
continuous, then

hix)

20 g(x) # 0 is continuous.

e },g(x) %= 0 is continuous.

iii. h—) ,h(x) # 0 is continuous.

Function g(x) = sinx is defined for all real numbers. Let us
consider ¢ to be a real number and substitute x = ¢+ h into
the function g.

When x — ¢, thenh — 0.

g(c) = sinc

lim g(x) = limsinx

X—C Xx—C

== ]111_1}3 sin(c + h)

= ]llin%[sin c.cosh + cosc.sinh]

= 1111_11%(5111 c.cosh)+= 1111_1‘1{1}((:05 c.sinh)

=sinc.cos0 + cosc.sin0
=sinc+ 0 = sinc
= lim g(x) = g(c)

X—=C

~ Function g (x) = sin x is continuous



Now let h(x) = cosx

Function h(x) = cos x is defined for all real numbers. Let us
consider c to be a real number and substitute x = ¢ + h into
the function h

h(c) = cosc

lim h(x) = limcosx
X—=C X—C

= lim cos(c + h)
h—0

= ]llin%[cos c.cosh — sinc.sinh]

= lim(cos c.cosh) — lim(sin c. sin h)
h—0 h—o0

= cosc.cos0 —sinc.sin0

=coscx1—sinxx0

= CaoscC

= lim h(x) = h(c)

X—C

* Function h(x) = cos x is continuous

1 - A : .
COosSeC X = m , sin x#0 1s a continuous function.

Hence, the cosecant function is continuous except at x=nm,
n e Z.

1 . . ;
secx = ——,C0s x#0 is a continuous function.
cos X

Hence, secant function is also continuous except at
i
x=(2n+1) >nE Z

cotx = . where sinx#0 is a continuous function.

Hence, the cotangent function is continuous except at x=nm,
nEZ.

23.



Find all points of discontinuity of f, where

sin x "
f(X) _ [XT,I x<0

+1,ifx=0
sinx .
Ans - The given function is f(x) = {T' ifx <0
x+1,ifx=0

Function f is defined at every point on the real number line.
Let us consider c be a real number.

There will be 3 cases, eitherc < 0,orc > 0,orc=0.

Case (i), Whenc < 0

sinc

f(c) =

C

lim f(x) =lim(x+1) =c+1

X—C x=Cc

= lim f(x) = f(c)

X*C

“» Function f is continuous at every point x, for x < 0.

Case (i), When c > 0
f(c)=c+1
limf(x) = lim(x+1)=c+1
X—C X—C
= limf(x) = f(c)

X—*C

~ Function f is continuous at every point, where x > 0.



Case (iii), When c = 0.
f(c)=f0)=0+1=1

Left-hand-limit of the function fatx =0 is

sinx

=1

!1111 f(x) = 11%1_ -
>

Right-hand-limit of the functionfatx =0 is
lim f(x) = lim(x+1)=1
x—=0 =0
= lim f(x) = lim f(x) = f(0)
x—0" x—=0—
. Function fis continuous atx =0

* Function fis continuous at every real point. Hence, the
function f does not have any point of discontinuity.

24.
Determine if f defined by
¥ i if 0

0,ifx=0

is a continuous function?



x2 sm ifx =0

Ans - The given function is f(x) = {
0, lfx =1

Function f is defined at every point on the real number line.
Let us consider c to be a real number.

Then, there will be 2 cases, eitherc # 0 orc = 0.

Case (1), Whenc = 0

f(c) = ¢?sin %

y ! 1 1

lim f(x) = lim (Xzsin —) = (lim XE) (lim sin —) = ¢?sin—.

X—C X—C b4 X—C C
X—3C

= lim f(x) = f(c)
X—=C
~ Function fis continuous at every point x = 0.

Case (ii), When c = 0
f(0) = 0 and also

1 1
lim f(x) = llm (x sin ) = lim (xzsin—)
0~ X =0 X

o1
We know that, —1 < sin— e e 4

1
= —x? < sin— < x?

¥

1
= hm( x?) < lim (xzsm ) <0

x—0 X
1
=0 < lim (xzsin —) =9
x—0 X
= lim f(x) =0

x—=0—



Similarly we have,

i 1
lim f(x) = lirél+ (xzsin—) = lim (xzsin—) =2t
X

x—=0T X x—=0

Therefore, lim f(x) = f(0) = lim f(x).
x—0~ x—=0t

“» Function f is continuous at the pointx = 0

“» Function f is continuous at all real points. Hence, the
function f is continuous.

25.

Examine the continuity of f, where fis defined by

sinx —cosxifx=0

f(X)Z{ 1ifx=0

sink —cosxifx = 0

Ans - The given function is f(x) = { 1if 0
ifx =

Function f is defined at every point on the real number line.
Let us consider c to be a real number

Then, there will be 2 cases, either ¢ f 0 or ¢c=0
Case (1), Whenc = 0
f(c) = sinc — cosc

lim f(x) = lim (sinx — cosx) = sinc — cosc

X—C X—C
= lim f(x) = f(c)
X—C

* Function fis continuous at every pointx for x = 0



Case (1i), Whenc =0
f(0) = -1
Left-hand-limit of the function fatx =0 is

lim f(x) = lim (sinx — cosx)
=0 x—=0~

=sin0 —cos0=0—-1=-1
Right-hand-limit of the functionfatx =0 s
Jﬂgﬁf&} = ;{ILIEL (sinx — cosx)
=sin0 —cos0=0—-1=-1
= | == 1 =

JEEE— f(x) KILI%L f(x) = £(0)

~ Function f is continuous at x = 0.

~ Function f is continuous at all real points. Hence, the

function f is continuous.

26.

Find the values of k so that the function f is continuous at

kcosx

ifx#o
the indicated point in f(x) = { ™2 .
FiEx = 5



kcosx . T

- . ) S X #F —

Ans - The given function is f(x) = § ¥ 2* L2
3, ifx = E

) ) ) S
Function f is defined and continuous atx = > since the
value of the fatx = g is equal with the limiting value of f at

X=—
2

Since, fis defined at x = g and f (g} =3, s0

kcosx

lim f(x) = lim
K—;E x_.E m—2x

Substitute x = g-l- h into the function f (x).

FL
So,wehave,x—}gﬁh -0

k cos x kcnsx(%—l—h)
lim f(x) = lim, = lim =
e g et Btk g 2(2 + h)

okl —sinh_kr sinh_kl_k
ho0 —2h 2he0 h 2 2

& lim, £(x) = f(5)

X——
X 3=2k=6
= - =
2
Hence, the value of k is 6 for which the function fis
continuous.
27.

Find the values of k so that the function f is continuous at

z -
the indicated pointin f(X) = {k; 1 fl iX}EZZ



kx?,ifx <2

Ans - The given function is f(x) = { 3 ifx > 2

Function fis continuous at x = 2 only if f is defined at x = 2
and if the value of f at x =2 is equal with the limiting value
of fatx = 2.

Left-hand-limit and right-hand-limit of f(x) at x = 2 are,
lim f(x) = lim (kx?) = k(2)? = 4k

X2 X—=27

JLILI,‘I_I_ ) = xlil%!rf(x) =3y =3

Since, the function is continuous atx = 2, so

lim f(x) = KILI%L f(x) = f(2)

X227
= 4k =3
4

. 3 : : .
Hence, the value of k is - for which the function f is

continuous.

28.

Find the values of k so that the function f is continuous at

the indicated point i £0) ={'co g ¢ 1



kx+ 1,ifx<=m

Ans - The given function is f(x) = { cosx ifx > T

Function f is continuous at x = wonly if value of fat x = m is
equal with the limiting value of fat x = .

f(m)=km +1

Left-hand-limit of f(x)

Kl_IETIII_ f{ix) = 21_1}13[1_ (kx+1)=knm+1
Right-hand-limit of f(x)

lim f(x) = lim cosx=cosm=—1
x—mt ¥x—mt

Since, the function f is continuous, so

lim f(x) = lim f(x) = f(m)
X—m X—+T

= kn+l=-1
= kn —2

2
] T

T

Hence, the value of k is for which the function fis
continuous at x = Tt

29.
Find the values of k so that the function f is continuous at

the indicated pointin f(x) = {l::: i ;’ :g: i g



kx+1,ifx<5

Ans - The given function is f(x) = {3}{ 5 ifx>5

Function f is continuous at x = 5 only if value of fatx =5 is
equal to the limiting value of fat x = 5.

f(b)=kx+1=5k+1

Left-hand-limit of the function,

lim f(x) = lim (kx+1) =5k+1

Xx—=hT xX—=5~

Right-hand-limit of the function,

lim f(x) = lim(3x—5) =3(b) —5 = 15 -5 = 10
x—=5+ x5+

Since, function f is continuous, so

lim f(x) = lim (3x —5) =5k+1

X—5 x—+5%
= 5k+1=10
= bk=9
:*-k:E

5

Hence, the value of k is g for which the function fis

continuous at x=5

30.

Find the values of a and b such that the function defined by

5,ifx <2
f(x) =jax+b,if 2 < x< 10
21,ifx = 10

is a continuous function.



5ifx=<2
Ans - The given function is f(x) = {ax+ b,if2 < x < 10
21,ifx =10

Function f is defined at every point on the real number line.
i.e. if the function f is continuous then f is continuous at
every real number.

So let f be continuous atx =2 and x = 10.

Atx =2,
111}1 f(x) = llm f(x) =1(2)
H—

=" xlll%l_(S} = xlg;(ax +b) =5

=5=2a+b

= 2a+b=>5 .. (1)
Atx =10,

xl—ﬁl&— f(x) = 11m f(x) = £(10)

= xEn& (ax+b) = 111'11 {21} =M
= 10a+b=21 ... (2)

Subtracting the equation (1) from the equation (2), gives
Ba=16 = a=2

Substituting a = 2 in the equation (1), gives
2x2+b=5

=4+b=5=b=1

Hence, the values of a and b are 2 and 1 respectively for
which f is a continuous function.

31.



Show that the function defined by f(x) = cos(x?) isa

continuous function

b ifx=2
Ans - The given function is f(x) = {ax+ b,if 2 < x< 10
21,ifx = 10

Function f is defined at every point on the real number line.
i.e. if the function f is continuous then fis continuous at
every real number.

So let f be continuous atx = 2 and x = 10.

g(c)=cos c

Substitute x = ¢ + h into the function g.
When, x —» c¢,thenh — 0.

Then we have,

lim g(x) = lim cosx

X—=C X—=C

2 1111_1113 cos(c + h)

= ]l_li_l:% [cosc.cosh — sinc.sinh]

= ELIE[CDS c.cosh)—= ]13133(““ c.sinh)

= cosc - cos — sinc - sin0
=cosc X1 —sinc x 0

= COoscC
= lim g(x) = g(c)
X—C

~» Function g(x) = cosx is continuous.



Again, h(x) = x? is defined for every real point.

So, let consider k be a real number, then h(k) = k? and
i) =l =k

=5 }{1_1.1& h(x) = h(k).

.. Function h is continuous

Now, remember that for real valued functions g and h, such
that (g o h) is defined at ¢, if g is continuous at c and fis
continuous at g(c), then (f o h) is continuous at c.

Hence, the function f(x) = (g o h)(x) = cos(x) is
continuous.

32.

Show that the function defined by f(x) = |cosx|isa
continuous function.



Ans - The given function is f(x) = |cosx]|

Function f is defined for all real numbers. So function f can
be expressed as the composition of two functions as,
f = g 0 h, where g(x) = [x] and h(x) = cosx

[+ (goh)(x) = g(h(x)) = g(cosx) = |cosx| = f(x)]

[t is to be proved that functions g(x) = [x] and h(x) = cosx
are continuous.

Remember that, g(x) = |x|, can be written as

—x,ifx <0

g["}:{ %, ifx = 0

Since function g is defined for every real number, let us
consider c be a real number.

Then there will be 3 cases, eitherc < 0,orc>0,orc=0.

Case (1), Whenc < 0
glc) = —c
lim g(x) = lim (—x) = —c¢
X—C X—=C
= lim g(x) = g(c)
X—C
 Function g is continuous at every point x, for x < 0.
Case (7i), When c > 0
glc) =c
limg(x) =limx=c
X—=C X—=C
= lim g(x) = g(c)
X—=C

* Function g is continuous at every point x for x > 0.



Case (1ii), Whenc =0

g(c) =g(0) =0

Left-hand-limit of the function gatx =0 s
lim g(x) = lim (—x) =0
Right-hand-limit is

Jips0 = Jip (9 =0

= lim g(x) = lim g(x) = g(0)

* Function g 1s continuous at x = 0.

By observing the above three discussions, we can conclude
that the function g is continuous at every real point.

Now, since the function h(x) = cos x is defined for all real
numbers, let's consider ¢ be a real number. Then, substitute
x = ¢ + h into the function h.

33.

Examine that sin|X| is a continuous function



Ans - First suppose that, f (x) = sin|x|

Function f is defined for all real numbers and so f can be
expressed as the composition of functions as,f=goh,
where g(x) = sin x and h(x) = |x].

[(g 0 h)(x) = g(h(x)) = g(Ix])=sin |x| =f(x)]

[t is to be proved that functions g(x) = sin x and h(x) = |x|
are continuous.

Function h(x) = |x| can be written as

i) = {—X, iftx <0

x,ifx=0

Function h is defined for every real number, and so let us
consider c be a real number

Then, there will be 3 cases, eitherc < 0,orc > 0,0orc=20.

Case (i), When c < 0.

hic) ==¢
lim(—x) = limx = —c
X—=>C X—=C

Therefore, lim h(x) = h(c)
x—=C
~ Function h is continuous at every point x for x < 0.

Case (if), Whenc > 0
h(c)=c

lim(—x) = limx=¢
X—C X—*C

= lim h(x)—= h(c)
X—=C

~ Function h is continuous at every point x for x > 0.



Case (1ii), When ¢ = 0.

h(c) =h(0) = 0.

Left-hand-limit of the function h atx=01is
lim h(x) = lim (—x) =0

=0 =0

Right-hand -limit of the function hatx=0is
I bed = fm@ =0

= lim h(x) = lim (x) =h(0)

~ Function h is continuous atx = 0.

By observing the above three discussions, we can conclude
that the function h is continuous at every point.

Since function g (x) = sin x is defined for all real numbers,
so let's consider ¢ be a real number and substitutex=c+ k
into the function.

Now, when x — cand k — 0. Then, we have
g(c) = sinc

lim g(x) =, lim sinx

X—C X—*C

= 11{1_1:% sin(c + k)

= }lcina [sinc - cosk + cosc - sink]

= llclE»% (sinc - cosk) + }{lllé (cosc -sink)

= sinc - cos0 + cosc - sin0
= gine 40

=8ine

= lim g(x) = g(c).

Hence, the function g is continuous.



34.

Find all the points of discontinuity of f defined by f(x) =
x| —|x41]:

Ans - The given function is f(x) = |x] — |x + 1|. Let us
consider two functions

g(x) = |x| and h(x) = |x + 1|
Function g(x)= |x| can be written as

g(x) = {

—x,ifx<0
x,ifx =0

Function g is defined for every real number and so let’s
consider c be a real number.

Then there will be 3 cases, eitherc < 0,0orc >0, orc= 0.

Case (1), When c < 0.

g(c) = g(0) = —c

limg(x) = lim (—x) = —c¢
X—C

= lim g(x) = g(c)

~ Function g is continuous at every pointx forx < 0



Case (ii), When c > 0.
gle)=c
limg(x) = limx=c
X—=C X—+C
= lim g(x) = g(c).
X—=C
~ Function g is continuous at every point x for x > 0.
Case (iii), When c = 0.

g(c) = g(0) = -0

Left- hand-limit of the function gatx =0 is
lim g(x) = lim (—x) =10

x—=0~ Xx—=0~

Right-hand-limit of the function gatx=0is
lim g(x) = lim (x) = 0.

= lim g(x) = lim (x) =g(0)

~ Function g is continuous atx =0



Thus, we can conclude by observing the above three
discussions that g is continuous at every real point.

Function h(x) = |[x + 1| can be written as

—x(x+1),ifx < —1

h(x) :{ x+1,ifx=-1

Note that, the function h is defined for all real numbers, and
so let consider ¢ be a real number.

Case (1), Whenc < —1
h(c) =—(c+ 1)
im[-(x+1)] =—(c+1)
= lim h(x) = h(c)
X—=C
~ Function h is continuous at every real point x forx < —1.
Case (ii), When c > —1
h(c)=c+1
limh(x) = lim(x+1)=(c+1)
X—=C X—+C
= lim h(x) = h(c)
X—C

*» Function h is continuous at every real point x for > —1.



Case (7ii), When ¢ = —1
h(c)=h(-1)=-14+1=0

Left-hand-limit of the function hatx = 1is
Kll}'{l_ hiz)— }}1.1{1 [-x+1)]=—(—-14+1)=0
Right-hand-limit of the functionhatx =1 is
xllﬂl hifxy = xllrﬁ x4+ 1)=(-1+1)=10

= }}LI?_ b = xlE;IL]jr h(x) = h(—1)

~ Function h is continuous atx = —1.

Hence, by observing the above three discussions, we can
conclude that function h is continuous for every real point.
Since functions g and h are both continuous, so the function
f = g — his also continuous. Hence, function f does not

have any discontinuity points.

Exercise 5.2
1.

Differentiate the function with respect tox in
sin(x% + 5)



Ans - Let f(x) = sin(x2 + 5)

u(x) =x%2+5

v(t) = sint

Then, (vou)(x) = v(u(x)) = v(x%+ 5)
= tan(x? +5) = f(x)

= fis a composite of two functions.

Putt = u(a) = x> +5

dv d
b PR B 1 — — 2
i (sint) = cost = cos(x* + 5)

a8 p3 L) W _
dx—dx(x +5}—dx{x}—|—dx(5}—2x+0—2};

a . df . dv dt - 2
~ By chain rule. e e cos(x“ + 5) X 2x

= 2x cos (x> + 5)

2.

Differentiate the function with respect of X in cos(sinx)

Ans - Let f(x) = cos(sin), u(x) = sinx, and v(t) = cost
Then, (vou)(x) = v(u(x)) = v(sinx) = cos(sinx) = f(x)
= fis a composite function of two functions

Putt = u(x) = sinx

LY A in(sinx)
W — = —|[cost] = —sint = — sin(sinx

dt dt
dt d(t )
— = —(sinx) = cosx
dx dx

_ df dv dt .

* By chain rule, S sin(sin x). cosx

= — cos X sin (sinx)



3.

Differentiate the function with respect of xin sin(ax + b)

Ans - Let f(x) = sin(ax + b),u(x) = ax + b,and v(t) = sint

Then,
(vow)(x) = v(u(x}) =v(ax+b) =sin(ax+ b) = f(x)

= fis a composite function of two functions u and v.

Putt=u(x) = ax + b.

dv d . . _ _
P (sint) = cost = cos(ax + b)
dt d d d
—=—(x+b) =— @)+ () =a+0=a
* By chain rule, we obtain
df dv dt ( By
STisa e d_ = coslax +

= acos(ax+ b)

4.

Differentiate the function with respect of x in sec(tan(v/x))



Ans - Let f(x) = sec (tan(x&)) ulx) = x,

v(t) = tant,and w(s) = secs

Then, (vou) (x) = w[v(u(x))] == w[v(xE)]
= w(tan\/ﬂ = sec(tam&) = f(x)

= fis a composite function of three functions, u, vand w.

Puts = v(t) =tantand t = u(x) =Vx

[s = tan t]
dw d
Then, F (secs = secstans)

= sec(tant) - tan(tant)

= sec(tanvx) - tan(tan vVx) [t = Vx]

ds d
== (tant) sec? t = sec? \x
dt d " e
el L e b

1 1 1
g

2 2vx

. . dt dw ds dt
.~ By Chain rule, we obtain PG R

= sec(tan\f;i) -tan(tan\.&) X secZyx X L
2v/x
1

= e sec?/x (tan+/x) tan(tanvx)

sec? y/x sec(tanv/x )tan(tan vx)

24/x




sin{ax+b)

Differentiate the function with respect of X in
cos{cx+d)

Ans - The given function is

e sin(ax + b) _ g(x)
=) = cos(cx +d)  h(x)’
h(x) = cos(ex + d)

where g(x) = sin(ax + b) and
2 g'h—gh

T

Consider g(x) = sin(ax + b)

Letu(x) = ax + b, v(t) = sint

Then
(vou)(x) = V(u(x}) = v(ax+ b) = sin(ax + b) = g(x)

. g is a composite function of two functions, u and v

Putt=u(x) =ax+b

dv—d(' t) = cost = +b

¢~ g (sint) = cost = cos(ax + b)

dt d d d

g o E =g e (W= at Disa

. by chain rule, we obtain

o P8 __ Ay ot —
gl= = dt.dx—cus(ax+b).a—acos(ax+b)

Consider h(x) = cos(cx + d)



Let p(x) = cx + d, q(y) = cosy

Then,
(qop)(x) = q(p(x)) = qlex + d) = cos(cx + d) = h(x)

~ h is a composite function of two functions, p and q.

Puty = p(x) =cx +d

dq _ d (cosy) = —siny = — s 4
& iy cosy) = —siny = —sin(ex + d)
dy d d d
- npy — @ _dady
Therefore, by chain rule, we obtain h’ = e

—sin(cx + d)xec = —csin(cs + d)

2
B acos(ax + b).cos(cx + d) — sin(ax + b){—csincx + d}
B [cos(cx + d)]?

= acos(ax+ b) sec(cx + d)
+ csin(ax + b) tan(cx + d) sec(cx + d)

6.

Differentiate the function with respect to x in
cosx3.sin? (x°)



Ans - cosx? . sin?(x°)

d
—[cos x3 . sin?(x°)]

dx

g Bl g 3
= sin“(x>) X dx(cosx )

d
+ cosx?® X I [sin?(x°)]

d
= sin?(x°) X (—sinx?) X % (%)

+ cosx® + 2 sin(x®). — [sin x°]

dx

>.cosx® X — (x°)

dx

= sinx? sin?(x®) X 3x% + 2sinx” cosx
= 3x? sinx?.sin®(x%) 4+ 2 sinx® cos x° cos x? . x°x*

= 10x* sinx® cos x® cos x — 3x? sinx? sin?(x®)

7.

Differentiate the function with respect to x in 2,/cot(x?)



Ans - ;—x [24/cot(x?)]

2 N oy ki [cot(x?)]
2 cot(x?) dx

sin(x?)

———— X —cosec? (x?) X d (x?)
cos(x?) dx

_ [sin(x?) 1
~ |cos(x2) % sin?(x?) 312%)

—2x

\/cos x24/sin x2 sin x2
—2v2x
V2 sin x2 cos x2 sin x2

—2v2x
sin x% vsin 2x2

8.

Differentiate the function with respect to x in cos(/x)



Ans - Let f(x) = cos(¥/x), u(x) =+/xand, v(t) = cost
Then, (vou)(x) = v(u(x))
= v(vx) = cos Vx = f(x)

= fis a composite function of two functions, u and v, such

thatt = u(a) = Vx.

Then,

dt d d 1

i T o L — — (72

e G L i €

1. X 1

—X 2 =—

2 2y

dv d . ;

T a(cos t) = —sint = —sinyx

: : . . dt _ dv dt
~ By using chain rule, we obtain TR

_ 1
= 5111(&).2—&

S % sin(vx)

sinvx
2v/x

9.
Prove that the function f given by
f(x) =|x—1],x€ER

is not differentiable atx = 1.



Ans - The given functionis f(x) = |[x — 1|,x ER

Function f is differentiable at a point x = c in its domain if
both

i fE—f(©) f(c+h)—f(c)

and lim are equal.
k=0~ h—0-
To check the differentiability of function at x = 1, consider

the left-hand limitof fatx =1

f(1+h)—f(1) fll+h—1|—|1-1]

lim lim

h—0~ h h—0—

_ g -0 _ . -h _
=dmor=lms @<0SH=-h)
= —1

Consider the right-hand limitof fatx =1

A+ —f1) . fl+h—1—1-1]

BT h g h
_ e WSO L K _
“alpon atpn 0702 RI=R

Since the left and right hand limits of fat x = 1 are not
equal, f is not differentiable at x = 1.

10.

Prove that the greatest integer function defined by
f(x)=[x],0<x<3

is not differentiable x = 1 and x = 2.



Ans - The given functionfisf = (x) = [x],0 < x < 3

Function f is differentiable at a point x = c in its domain if

both

iy NEHRE) Y i ARG

e h S are finite and equal.
—0— ag

To check the differentiable of function at x = 1, consider the
left hand limit of fat x = 1.

K fi1+h)—f(1) o g f[1+h]-[1]
h—=0— h h—=0— h
. 0+1 g -1
_— = — = OO
neo- h  nheo- h

Consider the right-hand limit of fatx =1
f(1 +h) —£(1) " f{1+ h] —[1]
= lim

lim in
h—0t h h—0+ h
o Gl
= lim = lim0=0
h—0t h h—0+

Since the left and right limits of f at x = 1 are not equal, fis
not differentiable atx =1



To check the differentiable of function at x = 2, consider the
left-hand limit of fatx = 2.

f(2 + h) — f(2) _ [2 + h] —[2]

T T
1' 132 2 —1

e — =GO
heo- h  hoo- h

Consider the right-hand limit of fatx = 2

f@+h)—f2)  [2+h]-[2]

L h o h
1—-2

lim = lim0=0

h—=0— h h—0—

Since the left and right hand limits of fat x = 2 are not
equal, f is not differentiable atx = 2..

Exercise 5.3

1.

Find :—i in 2x + 3y = sinXx



Ans - Given relationship is 2x 4+ 3y = sinx

Differentiating with respect to x we get,

d d

:‘*d—y(in- 3y) = E(smx)
d d

=> ﬁ(Zx}-F d—y(Ey}zcnsx

=>2+3d—F=cosx

X

d
:‘*Ed—i:cnsx
Idx_cosx—z
”dy_ 3

2.

Findg in 2x + 3y = siny

Ans - Given relationship is 2x + 3y = siny

Differentiating with respect to x we get,

d d d ..
= I (2x) + ax (3y) = dx (siny)

w948 — cony Dy stipdatn
32— CoS¥ dx[ y using chain rule]

dy
= 3 = (cosy — 3) e

Cdy 2
“dx cosy—3

3.

Findg in ax + by? = cosy



Ans - Given relationship is ax + by? = cosy

Differentiating with respect to x we get,
d d d
N s 2y =

by (ax) + i (by<) I (cosy)

d d
R e T
=3 a—l—bdx(y ) dx(cnsy)

d dy d dy
2 "
T (y<) = Zy_ix and ~ (cosy) = —sin y—dx

dx
Using the chain rule we get,
dy G @
=a+bxX Zya = —siny—
= (2by + sin y}z—i = —a

cdy —a
“dx  2by+siny

4.

Finu:lginxy,r+y2 =tanx+y



Ans - Given relationship is xy + y> = tanx + y

Differentiating with respect to x we get,

d d d
i 2y = g
= T (xy +y*°) - (tanx +y) dx(cnsy}

d d d dy
S — (g2 = — i
= (y) + - (%) = o (tanx) +

d dy dy dy

= [y.g(x} 4 KE] + 2}'& = sec x—l—ﬁ

Using product rule and chain rule we get,

d d d
:~y.l+xd—i—|—2yd—izsec2x+d—i

d
=3 (x+2y—1}£:sec2x—y

 dy  sec’x—y
Tdx (x+2y—1)

5.

d
Findd—iin x2 +xy +y% = 100



Ans - Given relationship is x? + xy + y? = 100

Differentiating with respect to x we get,
= 22 +xy+y2) = —(100)
dx ¥ dx
Derivative of the constant function is 0
d d d
o X)) 3 Gy) = (%)
d dy dy
= 2x+ [Y'E(X} + X.EJ +2y——=0

Using product rule and chain rule we get,

=2x+v.1+ dy+2 dy—ﬂ
B X'dx ydx_

d
:1-2x+y—|—(x+2y)£={]

dy  2x+y
Tdx T x+2y

6.

d
Findd—iin x3+xty+xy? +y3 =81



Ans - Given relationship is x> + x%y + xy2 + y® = 81
Differentiating with respect to x we get,
= E(KE +x%y +xy® +y?) = i{81)

dx dx

Boegny @ pop a2y 4 ey
> 2 Ly + L) + S =0

d dy d d

- e i)

x~+ ydx(x)-i—x 3 + |y dx(x}+xdx(y}

2 &Y

dy d d dy

2 - ] - ) sl - S

= X +[y.2x+x dx]—i_[y dx(jﬂ—i_}{i:l:n:(}r }]+3y dx
:U

d
= (x? + 2xy + 3y?) d—i (3x% + 2xy + y?)

cdy  —(3x* +2xy +y?)
Tdx (%2 4+ 2xy + 3y2)

7.

d
Fimr;l{l—z"r in sin’y + cosxy = k
X



Ans - Given relationship is sin’y + cosxy = k

Differentiating with respect to x we get,

5 d:.... . _d .
E(sm y + cos xy) —a( )

d d
e r— i 2 T -
= I (sin’y) + i (cosxy) =0

Using the chain rule we get,

d
—(5111 y) = 25111_',1 (511'1 y) = 2siny msydy

%(CDSX}F) = —smxy : (Xy) = — sinxy [y—(x) -I-x—]

dy

. dy . .
= —smxy[y.l +XE] = —ysmxy—xsmxyﬂ

From the above equations we get,

g dy . . dy .
Slﬂ}"{‘DS}T— = F’ sS1n X}" == KS]HX}"— —
dx dx

d
= (25i11ycnsy—xsinxy}d—i—ysinxy

= (sin 2y — x sin xy}g = ysinxy

dy Vv sin Xy

dx  sin2y — x sin xy

d
Findd—iin sin’x + cos®’y =1



Ans - Given relationship is sin’x + cos?y = 1

Differentiating with respect to x we get,

= g (sin’x + cos?y) = j—i (1)
>4 (sin’x) + £, (cos? y)=0
dx dx
. I d
= 2sinx- &(sm X) + 2cosy - E(cnsy} =}
dy

= 2sinxcosx + 2cosy(—siny).— =10

dx
; ; ¥
sin 2x — sin 2}'5 =0

dx sin2x
dy sin2y

9.

. . dy — _1( 2x )
Find 1 Iy = sin =



2x
e . |
Ans - Given relationship is y = sin (1+x2)

2X
1+ x2

= siny =

Differentiating with respect to x we get,

:‘*i[siny}: d( X )

dx dx\1 + x2

5 dy d 2x
cusydx dx\1 4 %2

. 2x
The function
1+x2

is of the form Dfl—; . Thus, by quotient rule,

we get

d d
i( 2% ):(1 +X2)E(2x)—2xa(1—|—x2j
dx\1 + x? (1 + x2)?

e +x2).2 — 2x[0 + 2x] 24 2x?% — 4x? 20 —%%)
. (a2 O (@+x®)?2 (1 +x2P




2X
1+x2

= cosy =+/1—sin?y

A S (R o
N _(1+x2) - (1 +x2)2

(1+x2}3_1—){2
(1+x2)?2 1+x2

Given siny =

From above equation, we get

1—-x2 dy 2(1—x%
=D S . g ——.
1+x2 dx (14 x2)?




" o " " = 3 —x3
Ans - Given relationship is y = tan™? (1}i312)

Putting x = tan

i (3 tan 6 — tan35)|
y = tan

1 — tan20

TN 38_31:3118—1;31138
y = tan” " (tan 36) | tan 36 = T —3tanZ 0

y = 30
Differentiating both sides w.r.t. x we get,

d(y) d(3tan"'x)

dx dx
dy ] d(tan™'x)
dx dx
dy 1 3, 1
dx . (1 + xz) ((tan x)"= 1 —I—xz)
dy 3
dx 14 x?
11.
. oady . B i
qu:l'hi iny = cos (sz), D<x<1



2

i i = 1 {1-x
Ans - Given relationship is y = cos 1 (sz
= cosy = Lok
Y= 12
1 — tan? % 5o 2

—

1 +tan2%: 1+x2
On comparing L.H.S. and R.H.S. we get,
y
= tan— =
an > X

y = 2(tan "1 x)
Differentiating with respect to x, we get

-1
" ﬁ _ d(2tan™ " x)

dx dx
dy _d(tan"'x)
dx dx
dy 1
:'E_E(Hﬂ)
dy 2
Tdx 14 x2

12.

)



Ans - Given relationship isy = sin™! (

T %2

1+ x2

= siny =

= (1+x?)siny=1—x?
= (1 +siny)x? =1 —siny

1 —si
pam siny
1+ siny

(-::us % — sin E)z

2
(cos % + sin %)2

Fo g d
cosz — sin3

Yoy e X
c052+51n2

:‘*xzz

=2 =

l—tan%

1 -I—tan%

—

T T
=X = tan(z—i)

1-x2

1+x2

Differentiating with respect to x we get,

d d

= — () = [tan (3 — )]

= 1= sec? (T -2) g il

4 2/ dt\4
_ 2 (MY (___
=>1—l1—|-tan(: 2) > dx
1dy
:}1_(14“{)( ZdX)

)



13.

. E - . -1 2x .
Fmddx iny = cos (sz), 1L.<x<1

- . . - == 2:{
Ans - Given relationship is y = cos™! (sz)

2%
1+x2

= cosy =

Differentiating with respect to x we get,

:}d( )_d 2%
=@ =gl )

dy (1+ Xz}.di[z.x} — 21{.(%(1 + x2)
= —siny— = = :
Y ax (14 x2%)?

. . s dy_(1+x2}><2—2x.2x
OS Y ax T (A + x2)2

e | 1 2x \° dy  [2(1 —x%)
_(1+x2) dx (1 +x2)?

(1-x)PRdy —2(1—x7)
(1+x2)2dx (1 +x2)2

:}1—}:2 dy —2(1-x?%)
14x27dx (14 x2)2

dy 2

o i S e
dx 1+ x2

14.

1

Findg iny = sin 1(2xV1 — x? ,—%{:x«:: =
v Y



Ans — Given relationship is y = sin™1(2xV1 — x2)

= siny = 2xy/ 1 — x?

Differentiating with respect to x we get,

dy

cosy o —2[};— 1,!1—:{ )+ l—xzdx

d

d .
= l—sinzyd—z:2[2h l—xz

dy —x A g
= = —x2)2_ = =
\/1 (2% 1 — x%) I 2 i |

dy 1 — 2x?
o A2 ey g |
\ll 4x2(1 X)dx ZIH‘

:m%ﬂ[ﬂ]

Vi—x?
d 1 — 2x?
:(1_2xz)_>':z[_x]
dx 1 — %2
d}r 2
dx—ﬁ.ﬂl—xz

15.

o _1( 1 ) 1
Fmddxmy—sec SEq [ B &



. - . . — 1
Ans - Given relationship is y = sec™? (sz_l )

1

= secy = —ZXZ =

= cosy=2x2—1
= 2x2 =1+ cosy
= 0l ZCGSE%

Differentiating with respect to x we get,

= g(x} = i(cnsg)

dx 2
B y d ¢y
=1 —S]HE.E(E)
1 1dy
sin% 2 dx
d 2 —2
:,-d_}'—_ ;=
X 2 I
S5 1—(:-:152%
d i
oy R
dx 1 —x2

Exercise 5.4

1.

X

Differentiating the following w.rt x:

sinx



X

Ans-Lety =

sinx

Now differentiating w.r.t x we get

dy sinx X % (e*) —e* X % (sinx)

= — = )
dx sin‘ x
dy e®(sinx — cosx

=P = JXEnmneE€Z
dx sin® x

2.

sin 1x

Differentiating the following wrtx: e

P —1
Ans-Lety = 5% %

Now differentiating w.r.t x we get

dy d o

A sin” T X

e )
d _

=5 d—i — esSin X 3 (sin"!x)

— % - Esin_lx % 1
dx 1 —x2
d}’ sin"tx

= —= SXE [=1:1)
dx 1%

3.

Differentiating the following w.rt. x: ex’



Ans-Lety = eX’
By using the quotient rule, we get

d}r_d 3
a;-—a;(ex)

= " — x3 o 3
dx © de(x)
d

:‘~—Y:e:"3><3xz
dx
d

=Y 32
dx

Differentiating the following w.rt. x: sin(tan~! e %)

Ans - Lety = sin(tan™! e7¥)

By using chain rule, we get

d}r ; s T 3

e [sin(tan™" e )]

s cos(tan e ¥) X —(tan le %)
dx dx

= .. cos(tan™ 1 e7¥) X _t 4 e X)
dx 1+ (e ¥)2dx

dy cos(tan™'e™¥)
dx 14 (e7%)2

X e * X i (—x)
dx

dy e *cos(tan™!e™¥)
dx 1 o722

X (=1)

3 dy e cos(tan"'e ™)
dx 1+e 2%




Differentiating the following w.rt. X: log(cos e¥)

Ans — Let y = log(cos e*)

By using chain rule, we get

dy d 4
< a[lug(cose 1]
dy 1 d
- dx _ cosex dx(mSE )
dy 1 d
K dx _ cosex dx{mSE )
dy 1 . .
:'a— o X (—sine )XE{E )
dy  sine® 2
:E__cnse*x(e )
dy T
= —=——e*tane*,e* # (2n+1)= ,nEN
dx 2

6.

Differentiating the following wrt. x: e* 4 e’ 1.

3

Ans - Lety = eX 4 e% 4 o X

d d 2 d 3 d- +
:?—xza[ex} ‘I‘E(Ex )+£(Ex ) +£(Ex ) +

EX

5

el o] e o e

oot e

d 2
di eX[e¥” x 2x] + [e¥° x 3x2] + [¥" x 4x?]
+[e¥ x 5x*]
d
= Y — ¥ 2xe¥ +3x2e¥ + 4x3e*’ + 5xteX

dx



7.

Differentiation the following w.rt: v e'X x > 0

Ans - Lety = Vevx
Then y? = eV®

By differentiating the above equation with respect to x, we
get

}?2 — e‘*‘E

d d
=5 Zyd—i = e‘ﬁ& (\,E) (By applying the chain rule)

45 dy VR 1 o 1
¥y =% PR
dx Vx
dy B aVx
dx - 4}?&
d e“E
2
X 4yeV®/x
dy aVx
—=——— x>0
dx 4/ eV¥yx
8.

Differentiating the folllowing wrtx: log(logx),x > 1



Ans - Let y = log(log x)

By using chain rule, in the above equation, we get

:,»dy— f 1
i EUUE{ ogx)]

dy 1
dx logx

X 2 |
- (logx)

dy 1 1

= - =
dx logx x

d F
dx xlogx’

x>1

9.

Differentiating the following w.rt x:

cOoS
lo

x,x} 0
gx

CO5X

Ans-Lety = o

By using the quotient rule, we obtain

d d
——(cosx) X logx — cosx X5 (logx
:}d_y:dx g dX( £X)

dx (logx)?
: b

dy (—sinx)logx—cosx X

=8 X
dx (logx?
dy xlogx X sinx+ cosx % n
dx x(log x)? &

10.

Differentiating the following wrt x: cos(logx + e*),x > 0



Ans - Lety = cos(logx + e*)

BY using the chain rule in the above equation, we get
y = cos(logx + e¥)

A —sin(logx + e*) xi(lc X + e¥)

dx s dx " °

= —sin(l +X}><d(l }—|—d 2
= —sin(logx + e [dx 0g X dx(e )

1
= —sin(logx + %) X (; + e¥)

1
=i (; + ex) sin(logx 4+ e*),x > 0

Exercise 5.5
1.

Differentiate the function given w.rt. x.
YV = COSX X c0S 2X X c0os 3x



Ans - Given function is y = cosx X cos 2x X cos 3x
Taking logarithm on both sides we get,
logy = log (cosx X cos 2x X cos 3x)

= logy = log(cosx) + log(cos2x) + log(cos 3x), by the
property of logarithm.

Now, differentiating both sides of the equation w.r.t. x gives

1d 1 d 1 d
Y X — (cosx) + X —(cos x)
ydx cosx dx cosx dx
d
x R
cos3x dx (fosix)
dy sinx sin 2:{ sin3x d
St =gl - - S
dx }’[ COSX COS 21{ dx 2%) cos3x dx ( K)]
dy
I~ cosX X cos 2x X cos 3x[tanx + 2 tan 2x + 3 tan 3x]
2.

Differentiate the function given w.rt. x.

. (x—1)(x—2)
y= (x—3)(x—4)(x—5)




(x—1)(x—2)
(x—3)(x—4)(x—5)

Ans - Given functionisy = J

Taking logarithm on both sides of the equation give,

J (x-DE-2)
logy = log

(x—=3)(x—4)(x—5)

1 (x—1)(x—2)
= logy =7 log l(x “3)(x—4)(x— 5)]

1
= logy = = [log{(x — 1)(x — 2)}
—log{(x —3)(x —4)(x— 5)}]

= logy = % [log(x — 1 + log(x — 2)
—log(x — 3) —log{x — 4) — log(x — 5)]

Now, differentiating both sides of equation w.r.t. x give

Y~ ii[l-::-g(:a:— 1+ log(x—2) —

dx 2dx
log(x — 3) — log(x — 4) — log(x — 5)]

ldy d
le—lx_(x_lj

ydx dx
1 d 1 d
+T2><d—(x—2}><—3><d—(x—3}
1 d
X X (x—4) — _Sxd—(x—S}]
Sy 11 111 1
dx 2(}:—1 x—2 x—3 x—4 x—S)
Therefore,

dy 1 (x—1)(x—2) 1 1
dx 2 (x—3)(x—4)(x—5)lx—1+x—2 x—3

X— x—5]



3.

Differentiate the function given w.rt. x.

y = (logx)s.

Ans - Given function is y = (log x)©°%*¥

Taking logarithm on both sides of the equation give,
logy = cosx.log(log x)

Now, differentiating both sides of equation w.r:t. x give,

1><dy—d X log(logx) + xd ]
s (cosx) X log(logx) + cosx 3 [log(log x)]
1
= Sa,
¥
applying the chain rule.

dy . T
= sinxlog(logx) + cosx X e X (logx), by

gy . cosx 1
== }r[— sinxlog(logx) + log x % ;]
Therefore,

d}’_ 1 EGSK[CDSK . X log(l ]
T '[ 0g X} xlﬂgx == Gg( Dgx)
4.

Differentiate the function given w.rt. x.
g xX zsinx



Ans - Given function is y = x* — 250,
Letx* =u NURVUR| .1

And 251°% — y N )
DPV=U—V  eeveees (3)

Differentiating equation (3) w.rt. x gives

dy du dv 1

Taking logarithm on both sides of equation (1) we get,
log(u) = log(x*)
= logu = xlogx

Differentiating both sides of equation w.rt. x we get,

1du_ld l d | I
—— = &(X)X 0gx—|—x><£(ug}:)

u dx



:‘-du— llxl k ><1]
5 ogx + x x)

=;-du—xl +=1
dx—x(ﬂgx )

:du— (1 + logx) 5
= X s ;-2 | o (5)

Now, taking logarithm on both sides of equation (2) we get,
log(25%%) = logv
= logv =sinx X log2

Differentiating both sides of equation w.rt. x we get,

1 dv g
= X A log2 X E(smx)
v
= i vlog 2 cosx
= dv ST [ i A |
dx

. From the equation (4), (5) and (6) we get,

g = x*(1 + logx) — 25"X cos xlog 2
5.

Differentiate the function given w.rt. x.
y=x+3)>2x+4)3*x+5)*

Ans - Given function isy = (x + 3)%(x + 4)3(x + 5)*.
Taking logarithm on both sides of equation w.rt. x, give
logy — log[(x + 3)2(x + 4)3(x + 5)%]

= logy = 2log(x+ 3) + 3log(x + 4)4 log(x + 5)

Now, differentiating both sides of equation w.rt. x, give



LI E Ao
;xa_2xx_3xdx(x+3}+3xx+4><dx(x+4}+

1 d
4)‘(;%&(3‘!‘ 5)

:;.dy_ l 2 " 3 + 4]
dx_}rx+3 x+4 x+5

::.dy_ 332 Ay 54}([ 2 3 4l
ra LS e A e g S g

dy
My
dx
= x+3)x+4)>3x+5*
2x+4)(x+5)+3x+3)x+5)+4(x+3)(x+4)
X (x+ 3)(x + 4)(x+ 5)

d
= d—i = (x+3)?(x+4)3(x+5)*— [2(x? + 9x + 20)
+3(x%2 +9x+ 15) + 4(x% + 7x + 12)]

E: 2 2 (Q2
:}dx (x+3)(x+4)“(x+5)°(9x= + 70x + 133)

6.

Differentiate the function given w.rt. x.
2 1
= (x + 3 +x03)



Ans - Given function isy = (X 3 E)x 4 X(}H%).

Letu = (x + i)x and v = x(“i)

>y=u+v |
Differentiating equation (1) on both sides w.rt. x give

jdy_du_dv "
50 W ~(2)

Now,u = (X +i)x

X

= logu = log (:{ H ;)

= logu =xlogx + o

Differentiating both sides of equation w.rt. to x gives



EE—E(X)X Dg(x+g)+xx£ ug(x-!—;)
::-1du—1><l ( 1) b ! xd( 1)
wd ~ OB T T R
X
:}du_ l +1 i X ” +1
pral Gg(x x) 1) (x xz)
X+x

5 x-l—lx_log i +(X_%)
o e+ 3

du N Iy . %541
= o)

dx X x? — 1]
:}d“—( +1)K-K2+1+1 (+1)- 3
ax "M x jaem = OB\¥ x/ | - (3)

Alsov = x(ﬁi)

(i
= logv = log [};xr" +x}]

1
= logv = (X-F;) logx



Differentiate both sides of equation w.rt. x gives

1 dv_[d 1] l 1 dl
;x&_ E(}H—;) X ogx+(x+;)><a 0g X
:}1 dv.. logx 1 1

vilkT T Txte

dv —logx+x+1

:.E_Vl }{2 ] .(4‘)

Hence, from the equation (2), (3) and (4), give

dy_(+1)xx2—1+l (+l)
dx % X 241 PHIL X

1 x+1-1
pulerd) (41 omn

7.
Differentiate the function given w.rt. x.
y = (log)* + x'&*
Ans - Given function isy = (logx)* + ylogx
Letu = (logx)* and v = x!°8%
=y=u+v
Differentiating both sides of equation w.rt. x gives.

jdy_n:lu dv 7

We know, u = (logx)*
= logu = log[(log x)*]

= logu = xlog(logx)



Differentiating both sides of equation w.rt. x gives

ldu_ d i tastaes) dl 1
T ax = dx %) X logllogx —l—XX& og(logx)
jdu_ llxl l y 1 dl ]
E_u og(logx) + x @4-&(035()
:_du_l x-l l N o :><1]
g = (og)* |log(logx) + 1 x _
2 op flosd —IJ
g = (080" [log(log ) + 1
du log(logx) X logx + 1]
e X
:}.dx (logx) _ e
du
= i (logx)*1[1 + log xlog(log x)] {2)

We know, v = x198%
= log v = log(x!°8%)
= logv = logxlog x = (log x)?

Differentiating both sides of equation w.rt. x gives

l_dx_d 1 5
;—&—a[(ﬂgl"i)]

dv logx 108X

= — 2xlogx 57
dx X

= d_v = 2x!°8% x Jogx (3)
T

Hence, from the equations (1), (2) and (3), we get

d
a}r = (logx)**1[1 + log x X log(log x)]5 + 2x'°8*~1 x logx



Differentiate the function given w.rt. x.

y = (sinx)* + sinyx

Ans - Given function is y = (sinx)* + sin™! vx.
Letu = (sinx)* and v = sin 1 v/x
2y=u+v.

Differentiating both sides of equation w.rt. x gives.

dy du dv v
- ax ax W

We know, u = (sinx)*
= logu = xlog(sinx)*
= logu = xlog(sin x)

Differentiating both sides of equation w.rt. x gives

ldu d el -
— —E(x)x og(sinx +x><£[smx]

u dx
du 1 d

= =n [1 X log(sinx) + x X =X &(sin x}]
du X

= (sinx)* [lcg(sin x) + iy X Cos x]
du

= — = (sinx)*(x cotx + log sin x) ..(2)



Again, v = sin *v/x

Differentiating both sides of equation w.rt. x gives

dv 1 d
o= X d—(\&)
X
1 — (v2)2
dv 1 1
= X
dx 1—x 2vx
dv 1
S i —
dx  2vx —x2
Hence, from the equation (1), (2) and (3), gives
dv 1
— = (sinx)?(x cotx + logsinx) + ——
dx E 2vVx —x?

9.

Differentiate the function given w.rt. x.
y = xSinx 1 (Sil‘l X)CGSK



Ans - Given function is y = x*"* 4 (sin x)“°%*
Lét i =¥ and v = (g g%,
=y=u-+vwv

Differentiating both sides of equation w.rt. x gives

dy du dv

e +JCL

We know, u = x5in%¥

SO L iorxds d .
TR sinx) X logx smxxdx(ﬂgx)

du : 1
= —=u [cosxlﬂg}c+ sin x X —l

dx X
du X sin x
= e ¥ SInx lcnsxlﬂgx + ] --(2)

Again, v = (sin x)“9%¥

= logv = log(sin x)?%%

= logv = cos xlog(sin x)

Differentiating both sides of equation w.rt. x gives

1d d _ d :
g (cosx) X log(sinx) + cosx X o [log(sinx)]

. dv l T " 1 " d | l
= v|—sinx X log(sinx COS X o (sin x)
du

i (sinx)“***[—sinxlogsinx + cotx cos x]
%

d : ; ;
= d—: = (sinx)““5*[cos x cotx + sin xlog sin x] wk 3]

Hence, from the equation (1), (2) and (3), we get
du

— = xSinx (cos xlogx +

dx

sin x

) + (sinx)“°**[cos x cot x

+ sinxlog sin x]



10.

Differentiate the function given w.rt. x.

2
x*+1
— xCOSX 4
y x2 -1
: : ; x°+1
Ans - Given function is y = x*¢°5% 4 .
x=—1
XCOS X x?+1
Leta =x and v = —
¥o—=1
=y=u+v.

Differentiating both sides of equation w.rt. x gives

dy du dv

We know, u = x*c05%

Differentiating both sides of equation w.rt. x gives

ldu d y l
EE_E(}O cosxlogx
d d
-I-xx&(cosx]Xlngx+xcusxxﬁ(lugx)
du
=¢-—:ul1><cc:-sx
dx

|
X logx +x X (—sinx) logx + xcosx K—J



du

— i xX%5X(cosxlogx — xsin xlogx
+ cosx) .. (2)
) B
Again, v = Pl

= logv = log(x? + 1) — log(x* — 1)

Differentiating both sides of the equation with respect to x
gives

1 dv_ 2x 2x

v:&_}ﬁ%-l_xz—l

:}dll_}iz-l—lx —4x ]
dx x2—-1"1(x2+ 12 —-1)
dv.  —4x 4
&~ 1) sivs (3
Hence, from the equation (1), (2) and (3), give
ﬁ = x¥05X[cosx (1 + logx) — xsinxlogx] — _—4X
dx (x?2 —1)2

11.

Differentiate the function given w.rt. x.

1
y = (xcosx)* + (xsinx)x



1
Ans - Given function isy = (x cos x)* + (x sin x)=.

1
Letu = (xcosx)*and v = (xsin x)x

=y=u+tvw.

:ldy_du dv .
E_E-I_E cm k)

We know, u = (cosx)*

= logu = log (xcosx)*

= logu = xlog(x cosx)

= logu = x[logx + log cos x]

= logu = xlogx + xlog cosx



Differentiating both sides of equation w.rt. x gives

1 du d

= a(:,r;,lu:]g:«:—l— xlog cosx)

:.du_ Hl d() d ! }
E—u Dg}:}(&x -I-}{}(E(Ugfﬁ()

d d
+ {lngcnsx % E(}{} + x X E{lngccs x) }l

du 1
Fm = (x cosx)* [{logx X1+xX g)}
3} d
+ {lngcusx —:1 X — X E(C{JS}{) }]
= d_u = (xcos x)* [{lugx + 1}
dx ”
+ {logcosx— 1+ e X (— sin x)}]

d
= d_;l = (xcosx)*[(logx + 1) + (logcosx — xtan x)]

d

=5 d—z = (xcosx)*[1 —xtanx + (logx + log cos x)]
d

sty ((xcosx)¥)[1
dx

—xtanx + (logx (x cos x)] e



1
Also we know, v = (xsinx)x

1
= logv = log(x sin x)x

= logv = ;log(}; sin x)

1
= logv = - (log x + log sin x)

1
=1 = —logsi
ogv = ogx—l—x ogsinx

Differentiating both sides of equation w.rt. x gives

1d d(l
vdx dx

d i _
= —— = — ;log X) + TS [Elﬂg(sm x)]

;'“ld_lll d s1 1 dl l
e ;“g“a(;)t*‘&(“gx)

+ [lng(sin X) X % (1) + % X %{{lng sin x)}l

X



ild—lll 1 1 1]
e ;“’g“(‘;)*"’“

X X
_ 1
+ |log (sin x) x(—;)
1 1 d I
+£xsinxx&(smx)

:.ldv_ 1 =1 }+[1_Iﬂgx+ 3| y I
vdx  x2 R x? xsinx . oo%
ldv 1 1 J1—-logx —log(sinx)+ xcotx

g (xsinx)x + [ 2 I 2

dv 1|1 —logx — log(sinx) + xcotx

a:(}csmx)x 2
dv 1|1 —log(xsinx) + xcotx

:“a: {xsinx)}c[ & 2 ) ‘ ..(3)

Hence, from the equations (1), (2) and (3), gives

v
= = (xcosx)?[1 — xtanx + log(xcosx)]

1 [1 — log(x sinx) + X-::Dtx]

+ (xsinx)x =

12.

Find j—i of the functionx¥Y + y* =1



Ans - Given function is x¥ + y* = 1.
Letx¥Y =uandy®*=v
=ut+v=1

Differentiating both sides of equation w.rt. x gives

du dv
dx d}r
We know, u = x¥ .. (D)

= logu = log(x¥)

= logu =ylogx

Differentiating both sides of equation w.r.t. x gives

1du dy d
i logxd——l-yx—{lﬂgx}
du 1
:‘-——u[log:{—+y}< ]
=¢-d—u—x? lo ?
= [ gx ] e L2)

Also we know, v = y*
Taking logarithm on both sides of equation gives
= logv = log(y?)

= logv = xlogy



Differentiating both sides of equation w.rt. x gives

1 dv

d d
Ex&:hgyxﬁ(x}+xx&aﬂg?)

jdv_ 1 " 1 dy

E—V(Ugyx +XX§><E)

:}dv_ x(] _!_xd}r 9
L

Hence, from equations (1), (2) and (3), we get
dy vy xdy
y o g X Y
X (logxdx+x)+y (lngyi-ydx) 0
dv
= (< +logx +xy¥™1) — = —(y¥™" +y*logy)

_dy  yx¥' +y*logy
T dx x¥logx + xy*1

13.

Find g—i of the function y* = xV.



Ans - Given equation is y* = x7.

Taking logarithm on both sides of the equation give
xlogy = ylogx.

Differentiating both sides of equation w.rt. x gives.

d d
logy X E(}i} + x X E(lugy}

d d
= logx X E(y) +y Xﬁ(lngx)

=1 X1+ ><1 = xdy+ ><1
ne¥ * v dx  BX g TV
B .. (N
B+ x T x 108

:' (x—ylogz) dy y—xlogy
g dx X

ﬁi(ﬂ)
dx x\x—ylogx

14.

Find g—i of the function (cos x)¥ = (cosy)*.



Ans - Given equation is (cosx)¥ = (cosy)*.
Taking logarithm on both sides of the equation give
v logcosx = xlogcosy

Differentiating both sides of equation w.rt. x gives.

| dy d a )
0g COS X XE—I_F XE 0g CoOSX

d d
= logcosy X &(x} +x X E(lugcos )

y y
=1 it
0g coSs de + ==

X (— sinx)
=1 + - ' X 2
= logcosy + — y( siny) I

= lo cosx—y— tanx = logcosy — xtan @
g Ax y g y }’dx

d
= (logcosx —i—xtany}d—i = ytanx + logcosy

. dy ytanxtlogcosy

Tdx xtany+logcosx

15.

Find % of the function xy = e*¥)



Ans - Given equation is xy = elxy)

Taking logarithm on both sides of the equation give
log(xy) = log(e™¥))

= logx =logy = (x —y) loge

= logx+logy=(x—y)x1

= logx+logy=x—y

Differentiating both sides of equation w.rt. x gives.

dy
—(lﬂgx}+ ~(logy) = —( X) =4
1 1d 1
e AT _|___3'r ] (e
X ydx X
d —4
(i
v/ dx X
L dy yx-1)
Tdx x(x+1)
16.

Find the derivative of the function given by
f(x) =1+ +x)A+xH)(1+x)
and hence find f'(1).



Ans - Given functionis f(x) = (1 + x)(1 + x®)(1 + xH) (1 +
x2).

By taking logarithm on both sides of the equation give.

log f(x) = log(1 + x)(1 + x*)(1 + x*)(1 + x5).

log f(x) = log(1 + x)
+log(1 + x2) + log(1 + x*) + log(1 + x®)

Differ‘entiating both sides of equation w.rt. x gives

o X 0]

—dl (1+}+d1 14 %
= 31081 + %) + —log(1 +x%)

d
—I—Elog[i + x*) + log(1 + x®)
g0 L W=

+— : xdl 1+ x?
14+ x2 dxng( %)

xdl 1+ x*
1+ x dxng{ %)
1

|:11 5 8
= xang( + x°)

1
Xa(l‘l‘}i_}

+

_|_

1 1
:'fi(x):f(x)l1+x+1+x2xzx+1+x4

X Bx?l

X
t 1+ x8

Therefore,

() = (1 +x)(1 +x3)(1 +xH(1

Ly 1+2X+4X3+8X?
X a1 T i T




So,

(1) = (1+ D1+ 1)1 + 190

r 1 +2><1+4><13+8>r:1?
)1+1 14+12 1414 1418
—2><2><2><2[1+2+4+8]
N 2 2 22

1+2+44+8
~16x ]

2

15
— 16 x — =120

2
s {f}'(1) =120

17.

Differentiate (X% — 5xX + 8) (x> + 7x + 9) in three ways as
mentioned below:

(i) by using product rule

(ii) by expanding the product to obtain a single polynomial.
(iii) by logarithmic differentiation.

Do they all give the same answer?



Ans — (i) Given functionisy = (x* — 5x + 8)(x® + 7x + 9).
Letu=(x? —5x+8)andv=(x3+7x+9)

=y =uv.

:}dy_du 3 du

dx  dv @ ' dx

d d

=Y _ = (x®—5x+8).(3 4 7%+ 9)
dx dx

d
+(x2 —5x+ B).ﬁ(XE +7x+9)
dy
> 2x—5)(x*+7x+9).(x* - 5x+ 8)(3x* + 7)

d
::.d_i: 2x(x® + 7x+9) — 5(x® — 5x 4+ 8) + x2(3x% + 7)
—5x(3x2 +7) —8(3x%2 4+ 7)

d
N é — (2x* + 14x% 4 18x) — 5x° — 35x — 45
+ (3x* + 7x%) — 15x°® — 35x + 24x% + 56

d
d_y — Bx® — 20%? +45x2 $52% + 11
X



(ii) Given functionisy = (x? — 5x + 8)(x® + 7x + 9).
Calculating the product will give,

y=x(x*+7x+9) —5x*x*+7x+9) + 8(x* + 7x+9)
=>y=x+7x>+9x? —5x> — 26x? + 11x + 72

Differentiating both sides of equation w.rt. x gives

dy

d
e (X + 7x% +9x? —5x% — 26x% + 11x+ 72)

——(55}—5 (x4}+ 15 (XS}—ZE—(X3}+ 111£(‘:~:}
+i(?2)
dx
=5x* - 5x4x3 +15x3x* — 26 x2x+11x1+0
dy

. — = 5x* — 20x® + 45x% — 52x + 11
dx



(iii) Given functionisy = (x? — 5x + 8)(x® + 7x + 9).
Taking logarithm both sides of the equation will give,
logy = log(x? — 5x + 8) + log(x® + 7x + 9)

Difference both sides of equation w.r.t. x gives

1dy d. d .
viE ﬁlﬂg(x —5x+8)+ Elng{x + 7x+ 9)

1dy 1 d
P ds P e e oy
1
+x3+?x—|—9 I (X + 7x+9)
dy 1
e = 2
dx y[xz—Sx—FBX(zx 5)+K3+?X+9K(3X
—i—'?')]

d

z;-d—i:{xz—Sx+8)(x3+?x

2x — 5 N 3x2+7
—5x4+8 xX+7x+9

—I—Q)I



d
:‘*d—zz(xz—53+8}(x3+?x—l—9}

(2x—5)x*+7x+9) + (3x* + 7)(x* —5x+8)
(x* —5x+8)(x*+7x+9)

d
=5 d—i =2x(x3 4+ 7x+9x%) —5(x>*+7x+9)
+3x%(x* —5x+8)+7(x*+7x+9)

d
= d—i = (2x* 4 14x* + 18x) + (5x® — 35x + 45)
+ (3x* — 15x3 + 24x%) + (7x? 4+ 35x + 56)

d
d—i — 5x2 — 20x3 + 45x% — 52x + 11

Hence, comparing the above results, it is concluded that the

: ] d
derivative d_i are the same for all methods.

18.

If u, v and w are functions of x, then show that

d( ) = d du dw
& LWv.w —EV.W+HE.W+“.VE

in two ways - first by repeated application of product rule,
second by logarithmic differentiation



Ans-Lety = uv.w = u. (v.w).
Applying product rule of derivatives, we get

dy du

d
5 (v.w) + u.ﬁ(v.w}

Using the product rule again we get

= —=—vwtu|—wtuv—

dy du dv d ]
dx dx dx dx

Now, take logarithm of both sides of functiony = u.v.w.
= logy = logu + logv + logw

Differentiating both sides of equation w.rt. x gives.

ldy d dv

d
;E = §(log u) + u. E{lngv) +£ (log w)

1dy 1du 1dv 1dw
— i 2 o

i e gl vl e

dy (ldu 1dv 1dw
et et )
2 i 10, i
dx U ludx o vdx wdx
dy du du dw
. ﬁzﬁv.w+uﬁ.w+u.va

Exercise 5.6

1.
If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.

X = 2at? y = at*



Ans - Given equations are
x = 2at? ek
v = at? s )

Differentiating both sides of equation (1) w.rrt. x gives

dx d

T

L NI . 3
T aat =2aX2t=4at.............(3)

Differentiating both sides of equation (2) w.rt. t gives

dy d, ; g

—dt—a(Zat}—a-P-’-l-Pat}

:‘-Ezaxﬁlxﬁzﬁlatg (4)
%

Now, dividing the equations (4) by (3) gives

dy
E:ﬁ:%lﬁ:tz
dx dx 4at
dt

dy .
"E_t

2.

If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.
X=acosBO,y=bcos0O



Ans - Given equations are
%= acosh i 1LY
y=bcosB@ ... (2)

Differentiating both sides of equation (1) w.r.t. 6 gives

dx d
E:E(acl{:ﬂsﬂ}
Jg = a(—sin®) = —asin® ... (3)

Differentiating both sides of equation (2) w.rt. 8 gives

dy d
E—E{bcnsﬁ}
d
::-ézb(—sinﬁ}z—bsinﬁ cenee (4)

Now, dividing equation (4) by (3) gives

dy :
a6 dy —bsin® b

dx ~ dx —asin® a
db

. dy b

Tdx  a
3.

If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.

X =sin t,y = cos 2t



Ans - Given equations are
Xx=sint sy Tk )
y=cos 2t ....(2)

Differentiating both sides of equation (1) w.rt. t gives

w9, B = 6 3
E_E(sm V=608 B . (3)

Differentiating both sides of equation (2) w.rt. t gives

dy

d _ d ;
= E(CDS 28) = sin 26 X a(Zt} AT ] (4)

Now, by dividing the equation (4) by (3) gives

dy
(ﬁ) dy —2sin 2t —2 X 2sin tcos t

et = —4sin t
(E) dx cos t cos t e
t
d
&}F = —4sin t

4.

If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.



Ans - Given equations are

= (1)
4
¥ = ; ...... (2)

Differentiating both sides of equation (2) w.r.t. t gives
dy d 4_4}{{11_4}(—1_—4 .
dt_dt(t)_ dete T2 2 7 )
Now, dividing the equation (4) by (3) gives

dy —4
w_(@)_(&)_-

dx (dZ) 4 g2

dt
dy -1
dx  t2

5.
If x and y are connected parametrically by the equation
given without eliminating the parameter, Find E.

X =c0s 0 —cos 20,y = sin 0 —sin 20



Ans - Given equations are

x=cos0—cos20  ...... (1)

y=sin O —sin 20  ...... (2)

Differentiating both sides of the equation (1) w.rt. 8 gives

dx d
de _ de

dx
dB

= —sin 6(—2sin 20) = 2sin 20 —sin 6 ...... (3)

(cos 6 — cos 20)

d d
(cns 0) — e(cas 20)

Differentiating both sides of equation (2) w.r.t. 8 gives

dy d

T de[51n8—51n28}
::'dy_d n d 28
E—@(Sl]l )—E(sm )
=cos 8 —2cos B ...... (4)

Now, dividing the equation (4) by (3) gives

dy
do) dy cos®—2Zcos B

(%) ~ dx  2sin 28 —sin B

. dy cos 8 —2cos 6
" dx 2sin 26 —sin 0

6.
If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.
x=a(0 —sin 0),y =a(1+ cos 0)



Ans - Given equations are
x=a(B—sin 6) ... (1)
y=a(l+cos B) ... (2)

Differentiating both sides of equation (1) w.r.t. 6 gives

g 1d d
—=a lﬁ (8) — =5 (sin e)] el cpme By T

Also, differentiating both sides of the equation (2) w.r:t. 0
gives

dy d d

ST H[E[l} —E(CUSB)]

d
= d—g =a[0+ (—sin )] = —asin 6 ..... (4)

Now, by dividing the equation (4) by (3) gives

dy
d6) dy  —asin®
(@)_d}:_a(l—cnsﬂ)
do
d 2sin Bcos 9 COS B 0
a. 2 2. Z ... =
:}dx_ 25in|EE - sinE T D
2 2
L dy B
--ﬁ——CDSE
7.

If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.
sin3 t cos3 t

_xfcns ZtJEr B y/cos 2t



Ans - Given equations are,

o sin® t )

—m
s cos® t @

—m ......
Differentiating both sides of equation (1) w.rt. t gives
dx« dJ sin®t
dt ~ de [m

vcos 2t — %(sin3 t) —sin® t x %m
cc:s 2t

1

d
5 —cos = ﬁ(cns 2t)

v/cos 2t X 3sin? tx—{sm t) —sin® t X ——

cos 2t
. 3
; sin® t ;
3vcos 2t X sin? tcos t — ——— X (—2sin 2t)
2+/cos 2t

cos 2ty/cos 2t
dx 3cos 2sin? tcos t+ sin? tsin 2t

dt cos 2ty/cos 2t

. (3)

Differentiating both sides of equation (2) w.rt. t gives

dy cns t
dt dt vcos 2t

cos 2t X % (cos® t) — cos® tx %ﬁf cos 2t)

cos 2t

3 |cos 2tcos? t(—sin t) —cos? t X

& X L (cos 2t)
2(v/cos 2t)  dt

cos 2t

cly —3cos 2t X cos? t X sin t+ cos® tsin 2t

dt cos 2t X v/ cos 2t

. (4)



Thus, dividing the equation (4) by the equation (3) gives

dx
(a) _dy —3cos 2t X cos® t X sin t+ cos® tsin 2t

(@) T dx 3cos 2tcos tsin? t + sin? tsin 2t
dt

sin tcos t[—3cos 2t X cos t + 2cos? t]
"~ sin tcos t[3cos 2tsin t + 2sin3 t]

B [-3(2cos? t— 1)cos t+ 2cos® t] [cos 2t = (2cos? t — 1)
~ [3(1 — 2sin3 t)sin t + 2sin3 t] lcos 2t = (1 — 2sin® t)

—4cos® t+ 3cos t
3sin t — 4sin3 t

_ —cos 3t

"~ sin 3t
d

= S — —cot 3t
dx

8.

If x and y are connected parametrically by the equation

given without eliminating the parameter, Find E.

t
X =a(ms t + log tan E),y:asin t



Ans - Given equations are

M=

X
a (cns t + log tan E) ...... (1)

Differentiating both sides of equation (1) w.rt. t gives

d—xl t+d(l t t)]
-2 de(cus ) qo \log tan 5
s x 2 nd)

—al|—sin —— X —|tan—
tﬂni dt 2
| 2
-— in t+ ttx ztxd(t)]
—a_ sin co 3 sec 7% 3:\3
cns; 1 i
—a|—sin t+ X X —
S » T2
sin 5 cos? 5
[ 1
=a —smt+2 T T
\ smzcosz
a( sin t+ )
sin t
(—sm t+1)
= -
sin t
:;.d}i_ cos? t 3)
dt_asint ......



Differentiating both sides of equation (2) w.rt. t gives

d}i'_ d . _ A
E_a&(sm By =acest ..o 4)

Now, dividing the equation (4) by the equation (3) gives

dy
dt/ dy acost  sint

(@) T dx [ cosZt\ cos I::tElnt
dt A75in t

dy
o — =1 t

= an

9.

If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.
Xx=asecBy=btan 06

Ans - Given equations are
x=asecf ....(1)
y=tan 6 ... (2)

Differentiating both sides of equation (1) w.rt. 8 gives

9% 202t ny i e B 3
E_EKE(SEC )J=asecBtan 6 .... (3)

Differentiating both sides of equation (2) w.rt. @ gives

dy

d
I e _ — 2
e b x T (tan @) = bsec*8 .... (4)



Thus, dividing the equation (4) by the equation (3) gives

dy
dd) dy  bsec’®
(d};) ~ dx asecBtan 8

do
dy b b cos O b 1
= — = —sec Btan B = — - = — X —
X a acos BsinB® a sinbB
b
= —cosecB
a
dyv b
— = —cosecH
dx a

10.

If x and y are connected parametrically by the equation
given without eliminating the parameter, Find g.
X = a(cos 0 + Osin 0), y = a(sin 0 — Bcos 0)

Ans - Given equations are

x = a(cos 68 4 0Bsin 6) ...... (1)

y = a(sin 0§ —Ocos @) ...... (2)
Differentiating both sides of equation (1) w.rt. 8 gives
dx« 1d 5 d o ]
30— 2|35 ¢°s +E( sin 8)
dx [ d
B2 —sin 6 + El—(sm 6) + sin 6 — (El)]
= a[—sin 6 + Ocos 6 + sin 0]
dx
= — =afbcos 8 ...... (3)

db



Differentiating both sides of equation (2) w.r.t. 6 gives
dy [ d . 0 d B p ]
T E(sm )—E( cos 0)

d d
=3 lcc:-s B — {BE(CDS 8) + cos B x E(B)}I
dy ;
= i a[cos B + Bsin O — cos 6]

L, 4
qp —20sin @ ... (4)

Now, dividing equation (4) by equation (3) gives

dy
dy (_B) _ absin 6

dx ~ (E) Tafsin@ o0 °
do

d

Ey:tan 6

11.

— ) d
Ifx =+vasm ty=./acs t.Shnwﬂlatd—iz—i



Ans - Given parametric equations are

x = +/gsinTtt

y = qrostt

in—1 -1
Now,x =+ a’" "tandy = 4/ a5 !
1

S (asin_1 t) andy = (acas_i t)i

1. -1t 1 -1
= x = gz°1 ﬁlid}?' — 432008 t

i YO |
. . =s5in t
First consider x = az

Take logarithm on both sides of equation, we get,

1. _
log x = > sin ltloga

Differentiating both sides of equation w.rt. t gives

1 d;sr:_ll d(__l )
;KE—EDgEKa S1n t

dx x

= —==1 X
znga

1
dt 1,-'1 _tz

d 1
L dx xloga

T pie



Zeos™1 t
Now, consider equation y = az
Take logarithm on both sides of equation, we get,

log y = %cns_l tloga

Differentiating both sides of the equation w.r.t. t gives

lxdx_ll xd( e
E E—Eﬂgﬂ ECDS

T ke A d

N S — =1
yxdt 2logaxdt(c05 t)
jd_x:ylogax( 1 )

'[it 2 1,|"]__t2

d —vyl

T P W (2)
dt 21— 2

Now, dividing equation (2) by equation (1) gives

(d_y) (—ylnga)
dt/) dy \2v1i—¢2/ vy

@ ™ G

=&
R

Exercise 5.7

1.

Find the second order derivatives of the function given:
y=x%*+3x+2.



Ans - Given function isy = x? + 3x + 2.

Differentiating both sides w.rt. x gives

. (x%) i 3 d 2) =2 3+0
= O O @ =20t 3
dy _

Differentiating both sides w.rt. x gives

ot (L N I DR g——
T g e ) B (RS -
d?y

=

Find the second order derivatives of the function given:
y = x20

Ans - Given function is y = x?°

Differentiating both sides w.rt. x gives

dy

d
dx dx (73208

Again, differentiating both sides w.r.t. x gives

el A5 —(2ﬂx19} =20 (xl‘?*} = 20(19)x!® = 380x8

d?y
. _ 13
. 37 = 380x



Find the second order derivatives of the function given y =
X -C0Ss X

Ans - Given functionisy = x - cos x.

Differentiating both sides w.rt. x gives

dy d
E_E(x-cos X) = cos x-ﬁ(x)—kx&(ms X)
=cos x- 1 + x(—sin x)
dy .
= — = €08 X — Xsin X
dx

Again, differentiating both sides w.rt. x gives

d’y d o .
e E(CDS X — Xsin x) = e (cos x) — S (xsin x)
e : d .

= —sin x — |sin x E(X} +x E(sm X)

= —sin x — (sin x + xcos x)

d’y .
Fr —(xcos x + 2Zsin x)

4.

Find the second order derivatives of the function given
y = log x.



Ans - Given function isy = log x.

Differentiating both sides w.rt. x gives

dy d

1
E—E(lﬂg X):g

Again, differentiating both sides w.rt. x gives

d’y d (1) =

dx?  dx\x/  x%
‘ dzy_ 1
“dx?2 T x2

5.

Find the second order derivatives of the function given
y = x°log x.



Ans - Given function isy = x°log x.

Differentiating both sides w.rt. x gives

dy d

d d
s it T8 3 — P 3 s
e [x*log x] = log x = (x°)+x ™ (log x)

1
=log x-3x2+x®-—=log x-3x% + x?
X

dy 5
ﬂﬁ—x (1 + 3log x)

Again, differentiating both sides w.r.t. x gives

d’y d
i S (x%(1 + 3log x))

=(1+ 3l d(2}+ 2 4 1431
= ( og x) L S X dx[ og X)

3
=(1+3log x)-2x+x>-—
X

= 2x + 6log x + 3x

= 5x+ 6xlog x

d?y
e x(5 + 6log x)

dx

6.

Find the second order derivatives of the function given
y = e¥sin 5x



Ans - Given function is y = e*sin 5x.

Differentiating both sides w.rt. x gives

d d
o S [e*sin 5x] = sin x— (e*) + e* ——(sin 5x)

dx dx dx dx

d
:-—?:sin 5x - e* + e* - cos Sx-ﬁ(Sx)

dx

Y _ ox(si
= e (sin 5x + 5cos 5x)

Again, differentiating both sides w.rt. x gives

L
@—Ee(sm X 4+ 5cos 5x)

d d
— (e : X . N
= (sin 5x + 5cos 5x) T (e*) +e T (sin 5x + 5cos 5x)

= (sin 5x + 5cos 5x)(e*)

d d
X g g i
+ e*|cos 5x T (5x) + 5(—sin 5x) 5 (51{)]

= e*(sin 5x + 5cos 5x) + e*(5cos 5x — 25sin 5x)

= e*(10cos 5x — 24sin 5x)

Y -
A g e 2e*(5cos 5x — 12sin 5x)

7.

Find the second order derivatives of the function given
y = e*cos 3x.



Ans - Given function is y = e®*cos 3x.

Differentiating both sides w.rt. x gives

d d
- (e®*cos 3x)

dx ~ dx
— cos 3x X a (e5%) + e x < (cos 3x)
T dx dx

=% ﬁ = cos 3x X e®* x i (6x) + e®* X (—sin 3x) X i{3:{)
dx dx dx
dy :

> 6e°* cos3x — 3e®®sin3x  ...... (1)

Again, differentiating both sides w.rit. x gives

d? d
é = (6e%*cos 3x — 3e®*sin 3x)

d d
= 6 X — (e%*cos 3x) — 3 X — (e®%sin 3x)
dx dx

=6 X [6e®®*cos3x — 3e%sin3 x|

d d
—3 X |sin3x X —(e%%) + e x — (5in3x}] using(1)
dx dx

= 36e%*cos 3x — 18e*sin 3x
— 3[sin 3x X e%% X 6 + e®* X cos 3x — 3]

= 36e°*cos 3x — 18e®*sin 3x — 18e®*sin 3x — 9e®*cos 3x

d*y " :
Frche 9e“*(3cos 3x — 4sin 3x)

Find the second order derivatives of the function given
y = tan" 1x.



Ans - Given functionisy = tan™! x.

Differentiating both sides w.rit. x gives

d d 1
i —tan ! x =

dx dx 1 —x2

Again, differentiating both sides w.rit. x gives

dzy  d g/ 1 d )
e
d

— . 2n—2 P 2

=(—-1)x(1+x%) xdx(1+x}
== 1 2
T a7
d?y —2x

dx? (1+x2)?

9.

Find the second order derivatives of the function given
y = log (log x).



Ans - Given function is y = log (log x)
Differentiating both sides w.r.t. x gives

d}r_d l B
E—EUDE(UEX}]—

d
o8 X E{lng X)

dy 1
= =~ = (xlog )

Again, differentiating both sides w.rit. x gives

rdz""—d[i 1] ety e tos ) 2
Y =~ [(og 7] = (1) X (xlog )2 = (xlog )

—q i d d
:mx _log xxﬁ(x) +X><£(log x)]

e |
- (xlog x)? 5

[ 1
logxxl+x><—]
[ %

. d’y  —(1+log x)
T dx?2 T (xlog x)?

10.

Find the second order derivatives of the function given
y = sin (log x).



Ans - Given function is y = sin (log x).

Differentiating both sides w.rt. x gives

dy d__ — d
= [sin (log x)] = cos (log x) X dx( og x)

_ cos (log x)
N X

Again, differentiating both sides w.rt. x gives

d?y cos (lng x)
& dx [ ]

x[cos (log x)] — cos (log x) % %{xj
= =

x[—sin (log x) X %(log x}] —cos (log x) X 1

x2

—xsin (log x) X %— cos (log x)
2

X

_ d’y  [—sin (log x) — cos (log x)]
Cdx? %

11.

Ify = 5cos x — 35111Xpmvethat +}f 0.



Ans - Given equation is y = 5cos x — 3sin x.

Differentiating both sides w.rt. x gives

d}r d d d d
(5cos x) — —(35111 X) = 5—(c05 X)) — 3—(5111 X)
dx ~ dx
= 5(—sin x) — 3cos x
= S _ 5sin x + 3
e (5sin x cos X)

Again, differentiating both sides w.r.t. x gives

dzy d X
e [—(5sin x 4 3cos x)]
[5 X — (sm x)+ 3 X e (CDS X)]

= [5cos x + 3(—sin x)]

= -y

12.

If y=cos!x, Fmd— in the terms of y alone.



Ans - Given function isy = cos™! x.

Differentiating both sides w.rt. X gives

dy d i -1 il
E—E(CDS X}——m——(l—}{}
Again, differentiating both sides w.r.t. x gives
d’y d =1

L S——N W i N & o

dx? dxl (1—57)7 ]

_ (_?1) « (1 —xz)%ax%u—f)

1
= X (—2x)

Y1 —x2)3
d’y —x
= dx2 [(1 — x2)3

1

(1)
We know, y = cos™
into equation (1), gives

d’x —cos y
dy? \/(1 — cos? y)3

—Ccos y

sin® y

—COoS ¥ 1
== X——
siny sin‘y

d?y
_ 2
b coty X cosec’y

13.

X = X = cos y. Substituting x = cosy



Ify = 3 cos (log x) + 4sin (log x), show thatx?y, + xy; +
y=0.

Ans - Given equations, y = 3cos (log x) + 4sin (log x) ... (1)

xzy2+xy1+y=0 [2)

Differentiating both sides of equation (1) w.rt. x gives
— 3% < [cos(log )] + 4 X~ [sin(log )]
Vi = xa cos{logx)| + XE sin(logx
d
= y; =3 X [—sin (log x) X E(log x}]

d
+ 4 X lcus (log x) % E{lﬂg x)]

—3sin(logx) i 4co s(lo gx)

:‘-}r:
1
X X

4cos (log x) — 3sin (log x)

:‘-}r:
1
X



Again, differentiating both sides w.rt. x gives

_d r4cos (log x) — 3sin (log x)
W= dx( X )

X él—x [4{cos (log x)}{3sin (log x)}] — {4cos (log x) — 3sin (log x)} X 1
2

X

X [—4sin (log x) % (log x) — 3cos (log x) % (log x)] — 4cos (log x) + 3sin (log x)

x2

X [—4sin (log x) -%— 3cos (log x) %] — 4cos (log x) + 3sin (log x)
2

X

_ —4sin (log x) — 3cos (log x) — 4cos (log x) + 3sin (log x)
- 2

X

—sin (log x) — 7cos (log x)

= ¥z=
2

Now, substituting the derivatives y;, y, and y into LHS of
equation (2) gives,

X%y, +xy; +y

, (—sin (log x) — 7cos (log x)
i ( x2 )
4cos (log x) — 3sin (log x)
* ( - )
+ 3cos (log x) + 4sin (log x)

= —sin (log x) — 7cos (log x) + 4cos (log x) — 3sin (log x)
+ 4sin (log x)

=0

Hence, it has been proved that x%y, + xy; +y = 0.

14.



2
Ify = Ae™ + Be™, shnwthatg — (m + n)g + mny = 0.

Ans - Given equations are y = Ae™* 4+ Be™ ... (1)
d2y dy i "
dxzz—(1n+n)£+mn}r— ..... (2)

Differentiating both sides of equation (1) w.rt. x gives

d}?'_ d mx d mx
E—A E(E }+B E(E }

d d
=A-e™.— (mx)+B-e™ - —(nx)
dx dx
d

= e Ame™* 4 Bne™
dx

Again, differentiating both sides w.rit. x gives

2y d d d
— mx nxy — ) mx X nx
=7~ (Ame™* + Bne™) = Am T (e™*) + Bn e (eBX)

d d
= Am - ™. <7 (mx) + Bn - e™ - E{nx}

d?
= =Y _ AmZem™* { BpZen
dx?



Substituting the derivatives y;, v, and y into LHS of the

equation (2) gives
¥ + dy +
e (m + n) 3 T mny

= Am?ex™¥ + Bn?e™ — (m + n) - (Ame™* + Bne™)
+ mn(Ae™* 4+ Be)

= AmZex™* 4 BnZe™ — Amex ™ 4+ Bmne™ + Amne™
+ BnZe™ 4+ Amne™* 4+ Bmne™

=0

d?y

dx2®

Hence, it has been proved that — (m + n) g + mny = 0.

15.

2
Ify = 5007 + 600e 7%, show that L = 49y.



Ans - Given equation is y = 500e”* + 600e™7%,

Differentiating both sides w.rt. x gives

d d

&Y _ 500 x (e7) + 600 X — (—7x)

dx dx

=5 v _ 500 X e”* x i(?x} + 600 X e 7% X E(—7’;{)
dx ' dx dx
d

= —? — 3500e”® — 4200e 7%
dx

Again, differentiating both sides w.rt. x gives

d2y d d
M (a?xy R
2 3500 X T (e’®) — 4200 X e (e™7%)

d d
= 3500 x e”* X H(?X) — 4200 X e” ¥ x E(_?X)

=7 %X 3500 X e”™* 4+ 7 x 4200 X e 7%
= 49 x 500e”* 4 49 x 600e™7%

= 49(500e™ + 600e™7%)
’y
= T 49y (using the given equation)
: d?y
Hence, it has been proved thatE = 49y.

16.

}r e
IfeY(x +1) = 1, show that — = (—)



Ans - Given equationise¥(x+ 1) = 1.

1
i*e}r ==

So, taking logarithm on both sides of equation gives

1
(x+1)

y = log

Differentiating both sides w.rt. x gives

dy . d L x5 i —
dx_(x—I_ ]dx(x+1)_(}i+ )x(:{+1}2
:‘!ﬂ: 1

dx x+1

Again, differentiating both sides w.rt. x gives

g:%:(xil):_(ﬁ)

2 . 7 2
dx? x+1
2 2
-0
dx

dx?

Hence proved.

17.

Ify = (tan~! x)?, show that (x* + 1)%y, + 2x(x* + Dy, =
2.



Ans - Given equation isy = (tan™! x)2.

Differentiating both sides w.rt. x gives

y; = 2tan"'x— (tan™ ' x)

dx

1}
1+ x?

Sy =N 53

= (1 +x?)y; = 2tan ! x

Again, differentiating both sides w.rt. x gives

it
1 2 2 = 2( )

= (1 +xH)y, + 2x(1 + x¥)y;, =2

Hence proved.

Miscellaneous Exercise

Differentiate w.r.t. x the function in Exercises 1to 11
1.

y = (3x%2 —9x + 5)°.

Ans - Given function is y = (3x? — 9x + 5)°.

Differentiating both sides w.r.t. x gives
j—i = %{3){2 —9x+5)°

=9{3x%* —9x+ 5)*% x%{ﬂxz —9x+5)
= 9(3x? —9x + 5)® x (6x — 9x)
=9(3x2 —9x+ 5)% x 3(2x — 3)
=273 =9 F 52 —3)



2.

y = sin® x + cos® x.

Ans - Given function is y = sin® x + cos® x.
Differentiating both sides w.r.t. x gives

dy d d .
dx_dx_(sm x)+dx(ms X)

d d
— i 2 RTIPSR i 5 T
3sin® X X e (sin X) + 6c0s” X 1 (cos x)

= 3sin? x X cos X + 6c0s® X(—sin x)

= 3sin? xcos x(sin x — 2cos* x)

3.

y = (5x)3s 2x_

Ans - Given function is y = (5x)3c°s 2%

Taking logarithm on both sides of the function.
logy = 3cos2x loghx

Differentiating both sides w.r.t. x gives

1dy d d
Ea == [lng 5 = (cos 2x) + cos 2x- T (log 5:{)]
dy ) d 1
R = 3y []c}g bx(—sin 2x) - dx(Exj + cos 2x - o
d
9
dy , cos 2
T 3y [—Zsm 2xlog 5x + 2 1
dy [31:03 2% ;
= 3y = 6sin 2xlog 5){]
d 3cos 2
.. (Sxydcos 2}‘[ o8 2X_ ein 2xlog 5:{]
dx
4.

y=sin"1 (x/x),0<x< 1.



Ans - Given function is y = sin™! (xyx)

Differentiating both sides w.r.t. x by using chain rule gives

dy
S d — sin~(xyx)

- X (0

J1— (xVx)?

1 d %
1,#1 —x3 dx( )

1 >{3 1
vi—x3 2 2
_ 3X
241 —x3
dy 3 X
Tdx 241 —x3
5.
cns‘lg
—Z2 < X 2



Ans - Given function is

cos—1 X
_ 2

Y= =+7

Differentiating both sides w.r.t. x using quotient rule gives

dy _ m%(ms‘I E—() - (cos_l %)(%{[M}

dx (v2x + 7)2
7| ——L A Xy (X)L d

v2x+7 = z'dx(z) (cr:rs z)zm dx(2x+?)

_ 1-(3)
v2x+7

VIRFT——L (cus‘l E)L

_ Vi —x2 2) 92x+7
2x+7

_ V=R T cos™ %

Vi—x2x (2x+7) (W2x+7)(2x+7)

dy 1 cos™1 %

= +
dx VE—X22ZX+T (95473

iy v1+sin x++/1—sin x
y = cot f = f = ,0<x<2
yl1+sinx—+1—sinx




Ans - Given function is

_ cot-1 Vi+sinx +y1—sinx D
¥ ViFsiny —1—sinx|

Now,
V1 +sin x++1 —sin x
v1+sin x—+/1—sin x

(v1+sin x++1 —sin x)
(V1 +sin x —/1 —sin x)y/1 +sin x++/1 —sin x

_{(1+sinx)+(1—-sinx)+ 2,/ (1 + sin x) — (1 —sin x)
B (1+sin x) — (1 —sin x)

_2+2\f1—sin2 X
N 2sin x

_1—|—msx

sin x

2 X
2cos 5

N 2sin xicos £
2 2

1+sinx++v1—sinx X
= ‘1.|'ll \IIII = CDtE [2:]

v1+sin x—+/1—sin x
So, from the equations (1) and (2) we obtain,
y = cot™! (mt}i{)
X
e
=3
Differentiating both sides w.r.t. x gives
dy 1d
ax~ zax™
dy 1

. & 2

7.
y = (logx)loe¥ x > 1



Ans - Given function is y = (logx)!°&*
First, taking logarithm on both sides of the function

logy = logx x log(logx)

1dy

d
EE = [logx x log(logx)]

1dy d d
B log(logx) x = (logx) + — [log(logx)]
d}’ 1 1 d
Sy [lng(l{:-gx) X+ logx x Togx X ﬁﬂﬂgﬁ]
dy 1 1
=~y [Srogttogn) + ]

dy lome |1, 10g(logx)
e M ogx | _ 4 "B~ "o
dx (logx) [x * X

8.

y = cos(acosx + bsinx) , for some constants a and b.

Ans - Given function is v = cos(acosx + bsinx)

Differentiating both sides w.r.t. x by using chain rule of

derivatives gives
dy d :
T cos(acosx + bsinx)

dy : d :
= —sin{acosx+bsinx)x e (acosx+bsinx)

= —sin{acosx+bsinx)x[a( — sinx)+bcosx]

d
d—i = (asinx — bcosx) X sin{acosx + bsinx)

9.

; m E314
y = (sinx — cosx)(sinx—cosx) + SXL



Ans - Given function is y = (sinx — cosx) sinx—cosx)
First, take the logarithm on both sides of the function
lﬂg? = lﬂg[{sinx — cas_x)(ﬁinx—cﬂ-s}(]]

= logy = (sinX — cosx) X log(sinx — cosx)
Now, differentiating both sides w.r.t. x gives

1d d
E&y == [(sinx — cosx) X log(sinx — cosx)]
1d

14Y foptainx~ B iy —
=% i = log(sinx — cosx) X dx(smx COSX)

d
+ (sinx — cosx) X &lng(sinx — CO0SX)

1dy i :
=h }E = log(sinx — cosx) X (cosx+sinx)
1

+ (5inx — cosx) X
( ) (sinx — cosx)

d. ;.
. 4 7 (sinx — cosx)

d : :
= d—i = (sinx — cosx) (sinx—cosx)(cosxtsinx) [ 4 [og(cosx+sinx)]

10.

y =x*+x? + a* + a?, for some fixeda > 0and x > 0.
Ans - Given functionisy = x* + x* + a* + a*

Now, assume that x* = u,

¥ =yv.a*=wanda*=s

=y=u+v+w+s.

Differentiating both sides w.r.t. x gives

dy_du dv dw ds
dx dx dx dx dx™" (1)
Also, u = x¥

= log u = log x*

= log u = xlog x



Differentiating both sides w.r.t. x gives

1du

= =log x- —(x)+x —(lmg X)
d 1

=>—u—l.l[](}g){l+}{x] ...... (2)
d
dz—x"[logx—l— 1] = x*(1 + log x)

Again, v =x*%

Differentiating both sides w.r.t. x gives
du

Fialr )

SE a—1
=l B |

Also, w = a¥
= log w = log a*

= log w=xlog a



So, differentiating both sides w.r.t. x gives

1 dw d
ﬁ'&zlﬂga'ﬁ@j
:div—wlo a

d_x_ g

dw
= =2 loga )
Ands =22

Then differentiating both sides w.r.t. x gives

ds
e 0 ..(5

As a is constant, and so a? is also a constant.

Now, from the equations (1), (2), (3), (4), and (5) we have

d
% =x*(1+log x) +ax*1+a*loga+0

d
&}I = x*(1 +log x) + ax* ! +a*log a

11.
y=x¥"34 (x—3)%,forx > 3.



Ans - Given function isy = x¥ =2 + (x — 3)¥
Now suppose thatu = x* 3 and v = (x — 3)*
=y=u+v

Now, differentiating both sides w.r.t. x gives

dy du dv
&—&‘I’&........(l)

Also,u = x¥-3

Take the logarithm on both sides of the equation
= logu = log(x* ~3%)

= logu = (x%2 — 3) logx

Differentiating both sides w.r.t. x gives

1du
udx

1du 1
—— B _
= logx. 2x + (x= — 3). z

= logx. — (xz 3) +(x*—3). d%c (logx)

d o 2 3
Hence, T x-3, [X m 2% lngx] —:(2)

dx

Again, v = (x — 3)¥

Take the logarithm on both sides of the equation

1 dv d d
A = — frd B =
= = log(x 3)'{:1}( o .dxlﬂg(}: 3]
£ —] 3). 2x +x* = 3
= — — — —
u dx Ll e —3 dx{:X )

ﬁﬁ— 2x1 —3)+ = 1
ot xlog(x — 3) ——0

dv Vi »
Hence,— = (x— 3)* [x —

= 3 + 2xlog(x — 3)] W



Thus, from the equations (1), (2) and (3) we obtain

2 _
ﬂ = x¥ 2 r{ = ! + 2xlogx

dx
[ x*
+(x—3) L —3 + 2xlog(x — 3)
12.
o dy :
Find dx’ if y=12(1 — cost),x = 10(t — sint),
i SRR
2 2
Ans - Given equations are y = 12(1— cost), k)
and x = 10 (t — sint) 2}

Differentiating the equations (1) and (2) w.r.t. x gives

dx d ‘ d ;
o [10(t —sint)] = 10 X E{t — sint) = 10(1 — cost)

dy d d
i E[IZ[I —cost)] =12 X E{l — cost)

dt
= 12 X [0 — (—sint)] = 12sint

Therefore, by dividing % by 3—: we get

dy o X
ﬂ_(ﬁ)_ 12sint _12><251n§>< coS >
dx  rdx\  10(1 — cost) o

(Hf) ( ) ll]><:251r12j

dy 6 t
"&—E(‘.Gti

13.

d
Findd—i,if}r =sin~!x+sin /1 -x2,0<x < 1.



Ans - Given equation is y = sin™!x + sin~1y1 — x2
Differentiating both sides of equation w.r.t. x gives
dy -

d
= —|[sin™ x +sin~y/1 — 2|
% sl X+ 51N X

L P (AR g
= dx(sm X)+ dx(sm 1 xz)

~ dx
d 1 1 d
=:~—F= + x—(«..fl—xz)
dx \,"1—}.;2 > dx
\fl—(\fl—xﬂ)
dy 1 1 1 -
= = — X
dx  V1—-x2 J1—-1+x22x+1—x2
ﬂ_ 1 _ 1
dx 1-—-x2 +1-x2
dy
..& [}
14.
Ifx/1+y+yWl1+x=0for—1<x<1,provethat
dy 1
dx  (1+x)?

Ans - Given equationisx, /1 +y+yy1+x=10

=x/1+y=yVl+x

Now, squaring both sides of the equation gives
xX*(1+y) =y*(1+x)

= x2 + X%y = y? +xy?

R e

=X = § =1y~

= X+y)E—y) =xy{y—x)

SRy =3y

=(1+x)y=—x



=3
T (1+x)

=¥
Now, differentiating both sides of the equation w.r.t. x gives

dy (+90E@-xf0+9  (14x0-x

dx (1+x)32 (1 +x)2
dy 1

"dx (1+x)?

15.
If (x —a)?+ (v — b)? = c?, for some constant ¢ > 0 prove
3

i d_j,)z z
( —— is a constant independent of a and b.



Ans - Given equation is (x— a)? + (y— b)? = ¢

Differentiating both sides of the equation w.r.t. x gives

d d d

R soopmes swmgoy U opne gy oo g

= =[x =) + [y =) = ()

e A S
(x—a). (x=2) +2(y—b).—(y—b) =

d
ﬁZ@—H}T+Hy—mG§=G

dy —(x—a)
Hence, & = y—b

Again, differentiating both sides of equation w.r.t. x gives

Fy_di-6-2
dx2  dxl y—b

 G-b) -2 - (-2 -b)
: (5~ by

Jo-v-&-a.2
BECEDE

CEDEICERRES
- (v~ by




_[(y—b)z—!r{x—l—a)z

(y —b)?
Therefore,
(@ T [ 6=
2 | e
[(E@ b?:} Z%_ a};;] - =
—~ @)%t (XA €
—a)’ (Y —Db)?
P 14 (%)2 i _ (},Ezb}z _E
d%y c?
dx? vy —b)?

is a constant, and is independent of a and b.

16.

If cosy = xcos(a + y), with cosa # 11, prove that
dy cos*(a+y)

dx  sina

Ans - Given equation is cosy = xcos(a + y)

Differentiating both sides of equation w.r.t. x gives

d
= [cnsy] o xms{a + V)

d d d
= —sinyd—i = cos(a+ y).ﬁ{x) - x.ﬁcﬂs(a +¥)

d d
= —sinl},rd—i[r = cos(a+y) + x(sin(a +y) i

= [xsin(a + y) — siny] % = cos(a +y) ...(1)

Since cosy = xcos(a +y)



cosy

Ll cos(a +y)

So from the equation (1) gives,

cosy .o 1dy_
[cus a7 sin(a+y) smy] T cos(a+y)

d
= (cosy.sin(a + y) — siny. cos(a +y) &}' = cos?(a+y)

d
= sinfa+y—y) é =cos?(a+y)

d *(a+
Hence, it has been proved that s 5 M
dx sina

17.

dZ
If x = a(cost + tsint) and y = a(sint — tcost) , find ﬁg



Ans - Given statements are

¥ = a(cost+tsint) .

y = a(sint — tcost) i (2)

Differentiating both sides of equation (1) w.r.t. x gives

dx : o d d. .
i [—smt + sint. 5 fE) 4t T (51111:)]

= a [ — sint+sint+cost]=atcost

Again, differentiating both sides of eqn (2) w.r.t. x gives

dy 4 ...
i dz (sint — tcost)

a [c-:rst = [mst.%{t} +t % (c::}st)]]

dy
@ B (ﬁ) B atsint B
dx (dX)  atcost
dx

Now, differentiating both sides w.r.t. x gives

d’y ddyy d ,, dt -
3 i (&) = (tant) = sec-t. o sec-t. e
~d’y  sec*(V)

Tdx2 0 at
18.

Iff(x) = [x3| , show that f"(x) exists for all real x and find
it



Ans - Remember that, |x| = [}:ﬁf;} D]

= ifx = 0 ,then f(x) = |x|*=x3

Then, {f} (x) = 3x*

Differentiating both sides w.r.t. x gives

{0y (x) = 6x

Now, if x 0, then f(x) = [x]*= (—x3) =x3.

So, {f}'(x) = 3x?

Therefore, differentiating both sides w.r.t. x gives
{7} (x) = 6x

Hence, for f(x) = [x|®, {{f}'} (x) exists for all real values of x
and is provided as

=1

19.

Using the fact that sin (A + B) =sin A cos B + cos Asin B
and the differentiation, obtain the sum formula for cosines.

Ans - Given sum formula is sin(A + B) = sinAcosB +
cosAsinB

Now differentiating both sides w.r.t. x gives

E in(A+B —i InA B—I—E{ AsinB

o [sin( f] == = (sinAcosB) g (CosAsin )
d

= cos(A + B) xE{A+B)

d, . , d
= cosB X d—x{sum) + sinA x = (cosB)

; d d ..
+ sinB X e (cosA) + cosA X o (sinB)



d
= cos(A + B) x&(ﬁH—B)

d ‘ . _.dB
= c0osB X cosA — + sinA(—sinB) =

dx
+ sinB(—sinA xﬁ+ A Bxd—B
sinB(—sinA) g T CosACOSBX ——
dA dB
;‘-CGS(FL"‘E)[&‘FE

= AcosB ']A'Bx[dﬂ+dﬂ]
= (cosAcosB — sinAsinB) ok

Hence, the required sum formula for cosines is
cos(A + B) = cosAcosB — sinAsinB

20.

Does there exist a function which is continuous everywhere

but not differentiable at exactly two points? Justify your
answer.

Ans - Let take the function f(x)=|x|+|x—1]|

Observe that, the function f is continuous everywhere, but
not differentiable at x=0 and x=1.

21.
f(x) gx) h(x)

Hy=| ] m n |, prove that
a b c

dy f'(x) gx) h(x

™ 1 m n
a b c

f(x) g h(x)
| m n
a b C

Ans - Given functionisy =

Evaluate the determinant.
vy = (mc — nb)f(x) — (Ic — na)g(x) + (Ib —ma)h(x)

Now, differentiating both sides w.r.t. x gives



d d
di = [(mc — nb)f(x)] — — [[lC —na)g(x)] +

majh(x)]

dx

= (mc — nb)f(x) — (lc — na)g(x) + (Ib — ma)h(x)

f'x) g'(x) h'(x)
=1 1 m n
a b C
dy [ g h'(x)
== | m n
a b C
22.
Ify=e3°s % 1 <x=<2,
d’y _dy
T Ml SN, o) (RS, S
show that (1 —x )dxz Xge Y 0

. . . =1
Ans - Given equation is y = e %

Taking logarithm on both sides of the equation.

logy = acos™'xloge
= logy = acos™!x

Differentiating both sides w.r.t. x gives

1dy 1
—— = AX

y dx V1 —x2
ﬁ —ax

dx 1 —x2

4

Therefore, squaring both sides of the equation gives

d 2 azyz
@9 T1-
d 2
= (1 —x3?) (é) = a’y?
d 2
= (1 —x%) (é‘) = aly?



Again, differentiating both sides w.r.t. x gives

(&) L 10y + 1y x [(g)] — 225 ()

dy\” ooy dly dy
:(dx){zx)d—{l X)xzdxxdxz—a ><2yxdx

dy ep A
=}~xdx+(1 x)dxz——a X ¥
d’y dy

1 v aan 2 S
Hence, it is proved that (1 —x )dxz X

_azy:[}



