NCERT Solutions for Class 12 Maths

Chapter 11 — Three Dimensional
Geometry

Exercise 11.1

1.

If a line makes angles 90°, 135°, 45° with the x, y and z-axes
respectively, find its direction cosines.

Ans-]l=c0os90° =10

1
m = cos 135° = cos(180° —45°) = —cos4b =——

V2

1
n=cos45s" =—

V2

. . , 1 1
Hence direction cosines are 0, —— and —=.
V2 V2
2.

Find the direction cosines of a line which makes equal
angles with the coordinate axes.



Ans — Let a be the angle. Since linw makes equal angles with
the coordinate axes,

l=m=n=rcosa
Weknow, 2 +mi+ni=1

= cosa + cos?a + cosfa =1

3cosa =1
1
cos?a = =
3
" 1
cosa=1+—
7
. ) . ] 1 l 1
~ Direction cosines willbe + —,+— and + —
V3 3 V3

3.
If a line has the direction ratios -18, 12, — 4, then what are
its direction cosines ?
Ans - Given directionratiosa=-18,b=12andc=-4
a

T VE it

B —18

- J(—18)2 + (12)% + (—4)?

18
1= ——
22

b
vaz + b2 + ¢2
B 12
J(—18)2 + (12)2 + (—4)2

m_l?.
22

m =




c
V@i te?
_ —4
T i (122 f (e

2
22

n

n=

. ; i 18 12 2
Therefore the direction cosines are — St and — o

4.

Show that the points (2, 3,4),(-1,-2, 1), (5,8, 7) are
collinear.

Ans - Given points are A(2,3,4), B(—1,—2,1) and C(5,8,7).

Direction ratio of line joining the two coordinates
(X1, ¥1,2;) and (X;, ¥, 2;) is given as (X; — X,), (V2 —
1) and (z; —z;)

= Direction ratio of line AB is given as (—1—2),(—2-3) and
(1—4).

= Direction ratio of line AB is —3,—5and —3 .

Similarly direction ratio of line BC is given as
(5—(—1)).(8—(—2)) and (7—-1).

= Direction ratio of line BC is 6, 10 and 6.

On comparing the direction ratio of AB and BC, it can be
seen that the direction ratio of BC is —2 times of AB i.e. they
are proportional.

AB = A(BC)
Hence ABJIBC. As point B is common to both AB and BC.

~ Given points A(2,3,4),B(—1,—2,1) and C(5,8,7) are
collinear.

5.

Find the direction cosines of the sides of the triangle whose
verticesare (3,5,-4),(-1,1,2)and (- 5,-5,- 2).



Ans - Given vertices of AABC are A(3,5,—4),B(—1,1,2) and
C{—h,—5:=2)

A(3,5,-4)

C(-5,-5,-2) B(-1,1,2)

Direction ratio of line joining the two coordinates
(X1, ¥1.21) and (X,, ¥, Z5) Is given as (X; — xy), (V2 —
y1) and (z, — z,)

= Direction ratio of line AB isgivenas (—1 —3), (1 — 5)
and (2 - (-4)).
= Direction ratio of line AB is —4,—4 and 6.

Direction cosines of side AB using direction ratio are,
a
g —4
VA7 + (47 + (67

=

Va2 + b2 + 2
_ —4
JCRE+ (07 + (61

4 2
m= =5

o7 V17

m




1

=
vaz + b2 + 2

6
N O O
o B
n—zm

3
n=—

V17
2 3

. . . 2
~ Direction cosines of AB are ——,——and —
V17 y"ﬁ \,‘-"ﬁ

Calculating the direction cosines of side BC

Direction ratio of BC is givenas (—5 — (—1)),(—5—1) and
(—2-2)

= Direction ratio of BC is —4, —6 and —4.

Direction cosines of side BC using direction ratio are

a

g
va? + b2 +c2
5 —4
VA7 + o) + (-9
i
/17
-
-5
a
T =
vaz + b2 + ¢2
=
n =
JERE+ o2 + (a7
6 3
m=— —_——

2317 V17



B a
vaz + b2 + 2
—4

n

N e e e
s B
Ny

" . = i 2
- Direction cosines of BC is ——, ——and

Calculating the direction cosines of side AC

Direction ratio of AC is given as (—5 — 3), (—5 — 5) and

(=2—-(-4)

= Direction ratio of AC is -8, -10 and 2

Direction cosines of side AC using direction ratio is given as

- a
vaz + b2 + ¢2
—8

B+ (-1072 + (27

m =
vaz + b2 + 2
=1¢]
1 =
8+ (107 + (22
10 5
W42 Va2

/)
N =
- 2
VR0 + (2
2 1

W2 Va2

n




. . . . 4 5 1
~ Direction cosines of ACis ——,——and —
VEZ' Wfaz Vaz
Therefore,
Direction cosines of AB is ——, — — and —
V17 V17 V17
A : i 2 2 2
Direction cosines of BCis ——, ——and——
Y17 Y17 V1T
. . . . 4 o 1
Direction cosines of ACis ——,——=and —.
Jaz' o afaz Vaz

Exercise 11.2

1.
Show that the three lines with direction cosines

13'13°13°13'13'13 1313 '13

are mutually perpendicular.

Ans - Two lines with direction cosines (I, m;, n,) and
(1,,m,,n,) are perpendicular to each other if

Iliz + mlmz + Hlﬂz — ﬁ

(1) For the lines with direction cosines

4 = an * 52 2 we obtain
13"13"13 13"13713°
12 4 -3 12 —4 3

48 36 12
169 169 169
=0

Therefore, the lines are perpendicular.



(ii) For the lines with direction cosines

4 12 3 3 =4 12

_J_J_ _i__l'__l' bta.
13’13’13 ¢ 13713713’ Weovlalm
Ll + 3y A L W
iz T Tl = 3 X 3 " 13713 T 137 13

_ 12 48 N 36
169 169 169
=0

Therefore, the lines are perpendicular.
(iii) For the lines with direction cosines

3 412 12 —3 —4 i
12'12 12 T 11 1 e oA

3

36 N 12 48
169 169 169
=0

Therefore, the lines are perpendicular.

2.

Show that the line through the points (1, —1,2) and (3, 4,
—2) is perpendicular to the line through the points (0, 3, 2)
and (3, 5, 6).



Ans - Let AB be the line joining points, (1, —1, 2) and (3,
4, —2) and CD be the line through points (0, 3, 2) and (3, 5,

6).

The direction ratios a,, b,, ¢; of AB are
(3—1),(4(=1)).(-2—2)

ie 2,5 —4

The direction ratios a,, b,, ¢, of CD are
(3-0),(5-3),(6—2)

ie. 3, 2,4

AB and CD willbe perpendicular to each other if
@, + b by + o0, =0
(2x3)+(5x2)+(—4x4)

=6 +10—16

=0

Therefore, AB and CD are perpendicular to each other.

3.

Show that the line through the points (4, 7, 8), (2, 3, 4) is
parallel to the line through the points (—1, -2, 1), (1, 2,5)

Ans - Let AB be the line through points (4,7,8) and (2,3,4)
CD be the line through points, (-1,-2, 1) and (1, 2, 5).
Directions ratios a,, b;, ¢, .of AB are
(2-4).(83-7),(4-8)

ie. 2, -4, -4

Direction ratios a,, b, ¢, of CD are
(1-D).2-(2).(5-1)

ie 2,44



AB will be parallel to CD, if

a; b o

a; by

a; —2
e e e Y 1 |
(e 2 ()
bj _4‘
T )
Cq —4
== LS
Co 4 ()

From Equations (1), (2) and (3), we get

aq bl Cq
—_——— = — = —1
a; by ¢

Thus, AB is parallel to CD.

4.

Find the equation of the line which passes through point
(1,2,3) and is parallel to the vector 3i + 2j — 2k.

Ans - Given that line passes through the point A (1, 2, 3).
Therefore, the position vector through A is

d=1+2j+3k
Also, b = 3t + 2§ — 2k

It is known that the line which passes through point A and
parallel to b is given by = @ + Ab where 1 is a constant

=1+ 2f+ 3k + A(3t + 2j — 2k)

5.

Find the equation of the line in vector and in Cartesian form
that passes through the point with positive vector 2i — i +
4k and is in the direction



Ans - Given that line passes through the point with positive
vector

d=21—j+ak
b=t+2i—k

It is known that the line which passes through point A and
parallel to bis given by

F=21—j+4k+A(i+2]—k)

This is the required equation in the vector form

F=QR+DI+@I1-1D)j+@ -k
Eliminating A , we obtain the Cartesian form of equation as.

X—A Pl A=A
R B |

This is the required equation of line in the cartesian form.

6.

Find the Cartesian equation of the line which passes
through the point (-2, 4, -5) and parallel to the line given by

x+3  y—4 =z+8
3 5 6



Ans - Given that line passes through the point (-2, 4, -5) and
is parallel to
x+3 y—4 z+8

3 5 6

) . " x+3 —4 =48
Directon ratios of the line g ""T ==_are 3,56

. . . x+3 —4 =248
Required line is parallel 5= Y= = >3
=]

Therefore, its direction ratios are 3k, 5k, 6k when k = 0

It is known that the equation of the line through the point
(x,, vy, 2,) and with direction ratios (a, b, c), is given by
X% _Y~N_Z-4

a b c

Therefore, the equation of the required line is.

x+2 y—4 z+5
3k 5k 6k

2, y—4 485

= k
3 5 6
7.
-3 +4 —b
The Catesian equation of line is x3 = y? - zz - Write

its vector form.



x—5
Ans - Cartesian equation of the line is i =

Given line passes through the point (5, -4, 6). Positive
vector of this point is

d = 51 — 4j + 6k
Also, the direction ratios of the given lineare 3, 7, 2

This means that the line is in the direction ofthe vector E_:: =2
31+ 7] + 2k

Itis known that the line which passes through point A and
parallel to bis given by

F=d+Ab7 = (51— 4j + 6k) + A(3t + 7j + 2k).

This is required equation of the given line in vector form.

8.

Find the angle between the following pairs of lines
(i) ¥ = (2i— 5j + 1k) + A(3i — 2j + 6k) and

¥ =(7i—6k)+ p(i+2j + 2k)

(i) 7= (3i+j—2k)+A(i— j—2k) and

T =(2i—j—56k)+p(3i— 5] —4k)



Ans - (i) Let Q be the angle between the given lines.

Angle between the given pairs of lines is given by,
b, - b

Cas l? = rrrar
|1 - |B2]

Given lines are parallel to the vectors, 31 = 31— 2j + 6k
and 32 — 1+ 2j + 2k, respectively

by =+/32+22+62=7

|by| =412 4+22 422 =3
by - b, = (31— 2j + 6k) - (i + 2 + 2k)

=3 XTI H+2M2+6X2

=3+4+12

=19
-
Cost) = ———
7%3



(ii) Let Q be the angle between the given lines.

Angle the given pairs is given by,

cos = | A2
B - |22

The given lines are parallel to the vectors, b, =1 —J — 2k
and Bz — 31 — 5j — 4k respectively.

|by| = V12 + (1) +(-2)* = V6
|bo] = /3% + (=) + (—4)2 = V50 = 5V2
by-by, = (1—j—2k)- (3t — 57— 4k)

—1x3+(=1) X (=5)+ (=2) x (-4
=34+5+8
—:16

16
V6 % 52

T e e (%)

cos@) =

9.
Find the angle between following pairs of lines.

xX—2 y—-1 z+3 x+2 y—4 z-—-5
O=="F 3™ 3 "8 s

(i) 5—> < and -



Ans - (i) Let Q be the angle between the given lines.

The angle between the given pairs of lines is given by,

- gl'g:
cos = [

The given lines are parallel to the vectors, El — 204 5j— 3k
and Ez = —1 + 8] + 4k respectively.

by = 22+ 52+ (—3)2 =+/38

|bs| =/(—1)2+82+42=9

by - b, = (20 + 5§ —3k) - (—1 + 8f + 4k)

=2 (1) +5xB8+ () x4

=—2+40—-12

=26

cos@ = 26
gyﬁ

= (Q = cos™?! (93’2_8)



(ii) Let Q be the angle between the given lines.

The angle between the given pairs of lines is given by,

gy
by-bs
i e

cos@ = [E1E

The given lines are parallel to the vectors, 51 — 24254 k
and b, = 8i + j + 8k respectively.

by =+22+22+12=3

|b,| =42 +12+82=09
by-by = (21 +2j+k)-(4i+j +8k)

=2X4+2Xx1+1X8

=8+Z1+8=18

_ 18
CGSQ—SXQ
> 0= cos (3)
() = cos 3
10.

Find the values of p so that the lines

1—x_?y—14_z—33n 7-7x y-5 6-1z
3 2p @ 2 3p 1 5

are at right angles.




Ans - Given equations can be written in standard form as
a1 e X=1 ==l @—=h

—3 2p 2 3p 1 -5

Direction ratios of the lines are

2p

—3,—, 2:and

7 dall
3p

==,1,-5
7

Two lines will be perpendicular to each other if.

ay@s+ by by ey =10

(—3 K—Ts’,p)Jr(z?px 1)+(2><{—5)]=ﬂ

9p 2p
P28 _q0=0
T

=29+ 2p—70=10
= 11p—-70=0
= 11p =70

70

11.

: x—5  y+i =z x_y_ =
Sha::uwtl:u?.tIhe11mt1~s—_}r = 1and1 ; =3 are

perpendicular to each other.



Ans - We are given the equations of lines as

x—5 y+2
7 -5

Zz X vy z
—— d—:—:—
1 T T 273

The direction ratios of the given lines are
7,—5,1and 1,2, 3

Two lines will be perpendicular to each other if
a,a, +b,b, +c,c, =0

b ST e Y B S T

=F—10+3

=0

12.

Find the shortest distance betwee the lines
F=(i+2j+k)+A(i—j+k)and

= (2i—j—k)+p(2i+j+2k)



Ans - Equation of given lines are,
F=(1+2j+k)+A(i—j+k)and? = (21—j—k) +
(28 +j + 2k)

Shortest distance between the lines # = d, + Ab, and
7 = d, + ub, is given by

d— (51 X Ez) (b —dy)
|y X by

mlah
|

On comparing the equations, we get

i, =(t+27+k)
b,=(—J+k)

a,=(21—j—k)
b, = (21 + ]+ 2k)

d,—d; =(20—j—k)—(1+2f+k)

= (1— 35— 2k)



I
1 -1 1
g T g

—(—2-1Di—-(2-2)j+ (1 + 2k

— —31 + 3k

= |by x by| = /(—3)% + 32
=v9+9=+18

=342

Substituting all values obtained in equation (1)

d:

(=31 +3k). (i —3j — 2k)
3\2 ‘

(=3)1 +3(-2)

3v2

—9

3v2

V2

13.
Find the shortest distance betwen the lines

x+1—y+1—z+1an X—3 -5 x-7
7 -6 1 1 =g 4




Ans - Shortest distance between the linses is given by,
Xag=X4 Va—V1 23— 24
a4 b, C1
as by Cz
*.f[:blcz —baey)? + (a1@; — c;04)* + (@b — azby)?

- (1)
Comparing the equations, we obtain,
xy=—1Ly,=-1z, =-1
gy =1;by=—68_=1
Xo=3,¥,=52,=7

Xa—=Xy YV2—V1 22— 24 4 6 8
Then,| @ by € =I? —6 1|
a; b, Co 1 -2 1
=—16—36—64
=—116
Also

\{(blfz —bycy)? + (10, — c;04)? + (a,b; — azb,)?

=J(—6+2)2+(14+7)2+(—14+6)2

=+/116 = 2y/29
Substituting all the values in equation(1)
—116
= |ﬁ
- [ 5] - 1-2vas)
= 24/29

14.



Find the shortest distance between the lines whose vector
equations are

¥ =(i+2j+3k)+A(i — 3j + 2k)and
T =(4i+5j+6k)+p(2i+3j+k)
Ans - The equations of given lines are
#=(1+2j+3k)+A(1—3j+2k)and ¥

= (4f + 5] + 6k) + p(21 + 3f + k).
It is known that the shortest distance between the lines F =
d, + Ab, and 7 = @, + ub, is given by

. (E}l X E}z) - (dz —dy)
by X by

. (D)
|

On comparing the equations, we get

d, = (1+ 2]+ 3k)
b, = (t—3j+2k)
d, = (41 + 5] + 6k)
b, = (20 + 3j + k)

=

d, —d;, = (4t + 5] + 6k) — (¢ + 2j + 3k)

— (31 + 3] + 3k)

- - i j E
by xb,=|11 -3 2
2 3 1

—(-3-6)—-(1—-4)j+(B+6)k

— —97 4 3j + 9k

= |by x By| = /(-9 +32+ 97

=+B1+9+81=+171

=319



Substituting all values obtained in equation (1)

(—91+ 3j + 9k) - (31 + 3j + 3k))|

d=
‘ 3,19
|93 +3%x34+9%3
3./19
_ 9|
B 3+/19
B 3
19
15.

Find the shortest distance between the lines whose vector
equations are

i
r

A-0i+(t—2)j+((3—-20k
r=(s+1)i+2s—-1)j—-(2s+ 1Dk

Ans - Firstly, let's consider the given equations

U

F=(1—-0i+(—2)]+(3—20k
F=1—ti+tj—2j+3k— 2tk

f=1—2f+3k+t(—1+j—2k)

U

F=(s4+ D+ (2s—1)] — (2s + 1)k
F=(s+Di+2s—1)j—(2s+ Dk

si+i4+2sf—j—2sk—1

~i
|

f=i—j—k+s(i+2j—2k)
So, now we need to find the shortest distance between

=i—2j+3k+t(—i+j—2k)and
=i—j—k+s(i+27—2k)



We know that shortest distance between two lines

anl-l_';lgl EI.IId'F= &1"‘.11.52

{'51 X 52) (dy % dy)
|by X b

(1)

By comparing the equations, we get,

g =154 8k b =L f 5k

& =t—f kb=t 0y 2k

Since, (X,1+ Y,j + Z,k) — (X510 + Yo + Z,k)
= (X, —X)i+ (Y, — V) + (2, — Z)k

So, @, —a; = (i—Jj—k) — (i —2f + 3k)
—j—4k .2

And, by x b, = (—t+J — 2k) x (¢ + 2§ — 2k)

-

i j ok
e
T B =P

b, X b, = 21 — 4} — 3k ...(3)

= |by X by| =22+ (—4)2 + (- 3)2 =&+ 16 + 9 = 29
Now multiplying (2) and (3) we get,

(ayi+ by + ¢y k) - (st + boj + c2k) = aya, + byb, + ¢4,

(by x b,) - (@ x @3) = (21 — 4) — 3k) - (j — 4k)
——4+18=28..(5)
By substituting all the valuesin (1), we get
Shortest distance between the two lines,

8

8
-4
V29 29

8
- The shortest distance is —

V29



