NCERT Solutions for Class 12 Maths
Chapter 1 — Relations and Functions

Exercise 1.1

1.

Determine whether each of the following relations are
reflexive, symmetric and transitive:

(i) Relation Rinthe set A={1, 2, 3, ..., 13, 14} defined as
R={(xy):3x-y=0}

(ii) Relation R in the set N of natural numbers defined as
R={(xy):y=x+5andx < 4}

(iii) Relation Rin theset A={1,2, 3, 4,5, 6} as
R ={(x, y) : y is divisible by x}

(iv) Relation R in the set Z of all integers defined as

R ={(x y) : x-y is an integer}
(v) Relation R in the set A of human beings in a town ata
particular time given by

(a) R={(x y) : xand y work at the same place}

(b) R={(x y) : xand y live in the same locality}

(c) R={(x y) : xis exactly 7 cm taller than y}

(d) R ={(x y) : x is wife of y}

(e) R={(x y) : xis father of y}



Ans - (i) Given relation R={(1, 3), (2, 6), (3, 9), (4, 12)}
(1,1),(2,2)..and (14, 14) €R

= We conclude that R is not reflexive.

(1,3)€R but(3,1) € R[~3(3) -1 +0]

= We conclude that R is not symmetric.

(1,3) and (3,9) €R, but(1,9) € R. [~ 3(1) - 9 = 0]

= We conclude that R is not transitive.

Hence, relation R is not reflexive, symmetric or transitive.

(ii) Given relation R ={(1,6),(2,7), (3, 8)}

(1,1) €R

= We conclude that R is not reflexive.

(1,6) eRbut(6,1) €R

= We conclude that R is not symmetric.

In the given relation R there is not any ordered pair such
that (x, y) and (v, z) both €R, therefore we can say that (x, z)
cannot belong to R.

= We conclude that R is not transitive.
Hence, relation R is not reflexive, symmetric or transitive.
(iii) Given relation R = { (%, y) : y is divisible by x }

We know that any number except 0 is divisible by itself,
hence (x, x) €R.

= We conclude that R is reflexive.

(2,4) € R[~ 4is divisible by 2], but (4, 2) € R[~ 2 isnot
divisible by 4]

= We conclude that R is not symmetric.

Assuming that (x, y) and (v, z) € R, y is divisible by xand z is
divisible by y. Hence z is divisible by x i.e. (x, z)ER.

= We conclude that R is transitive.

Hence, relation R is reflexive and transitive but it is not
symmetric.



(iv) Given relation R = { (x, y): x — y is an integer }

If x is an integer then (X, X) € Rbecausex-x=0isan
integer.

= We conclude that R is reflexive.

Forx,y € Z, if (x,y) € R, then x - y is an integer and
therefore (y - x) is also an integeri.e. (y,x) €R

= We conclude that R is symmetric.

Forx,y,z€Z if (x, y) and (y, z) € R, we can say that (x-y)
and (y - z) are integers ie. (x, z) ER

= We conclude that R is transitive.
Hence, relation R is reflexive, symmetric, and transitive.

(v) (a) Given relation R = { (%, y): x and y work at the same
place }

Here (x,x) ER
= We conclude that R is reflexive.

If (%, v)ER, then x and y work at same place. That means y
and x also work at same place, i.e. (y, x)ER.

= We conclude that R is symmetric.
Assume (%, y), (v, Z)ER.

Then, we can say that x and y work at same place and y and
z work at same place. Thus x and z also work at same place,
ie. (x,z) ER

= We conclude that R is transitive.

Hence, relation R is reflexive, symmetric and transitive.



(v) (b) Given relation R = { (%, y): x and y live in the same
locality }

Here (x, x) ER
= We conclude that R is reflexive.

If (%, y)€R, then x and y live in the same locality. Which
means y and x also live in the same locality, i.e. (y,x) ER

= We conclude that R is symmetric.

Assume (x, y) € Rand (y, z) € R. Then, x and y live in the
same locality and y and z also live in the same locality.
Which means that x and z also live in the same locality, i.e.
{(x.z) ER.

= We conclude that R is transitive.

Hence, relation R is reflexive, symmetric and transitive.

(v) (c) Given relation R = { (x, y): x is exactly 7 cm taller
thany }

Here (X, x) € R.
= We conclude that R is not reflexive.

Let (%, y)ER, Since x is exactly 7 cm taller than y, therefore y
is obviously not taller than x, so, (v, x)&R.

= We conclude that R is not symmetric.

Assuming that (x, y), (v, z)€R, we can say that x is exactly 7
cm taller than yand y is exactly 7 cm taller than z. Which
means that x is exactly 14 cm taller than z. So, (%, z)&R.

= We conclude that R is not transitive.

Hence, relation R is not reflexive, symmetric or transitive.



(v) (d) Given relation R = { (X, v): x is the wife of y } .
Here (x,x) €R
= We conclude that R is not reflexive.

Let (x, y)ER, Since x is the wife of y, then y can't be wife of x,
ie (v.x) R

= We conclude that R is not symmetric.

Assuming that (x, y), (v, Z)€ER, we can say that x is the wife
of y and y is the wife of z, which is not possible i.e. (x,2) €R

= We conclude that R is not transitive.

Hence, relation R is not reflexive, symmetric or transitive.
(v) (e) Given relation R = { (X, y): x is the father of y }
Here (x,x) €R

= We conclude that R is not reflexive.

Let (x, y)ER, Since x is the father of y, then y can't be the
father of x,ie. (y.x) R

= We conclude that R is not symmetric.

Assuming that (x, ¥), (v, Z)€ER, we can say that x is the father
of yand y is the father of z, then x is not the father of z, i.e.

(xZ) ER
= We conclude that R is not transitive.

Hence, relation R is not reflexive, symmetric or transitive.

2.

Show that the relation R in the set R of real numbers,
defined as R = {(a, b) : a < b2} is neither reflexive nor
symmeitric nor transitive.



Ans - Given relation R = {(a, b): a = b2}

Since (é, %) ER [ i is not less than ji]

= We conclude that R is not reflexive.
(1,4)eRas1=42 but(4, 1) € Ras 4isnotless than 12
= We conclude that R is not symmetric.

Assuming that (3, 2), (2, 1.5)€R,
=3=22=4and?2 < (1.5)2=2.25 but 3 is not less than
(1.5)2=2.25.

= We conclude that R is not transitive.

Hence, relation R is not reflexive, symmetric or transitive.

3.

Check whether the relation R defined in the set {1, 2, 3, 4, 5,
6} as R={(a, b) : b=a + 1} is reflexive, symmetric or
transitive.

Ans - Given relation R = {(a, b): b=a+1} defined in the set
A={1,2,3,4,5,6}

=R={(12),(23),(3.4),(4,5), (5 6)}
Here (a,a) € R,a€A.

[+ (1, 1), (2.2), (3,3), (4. 4), (5,5), (6,6) €R]
= We conclude that R is not reflexive.

Here (1,2) €R, but(2,1) € R.

= We conclude that R is not symmetric.

Here (1,2),(2,3)eR but(1,3) &R

= We conclude that R is not transitive.

Hence, relation R is not reflexive, symmetric or transitive.

4

Show that the relation Rin RdefinedasR={(a,b):a<b},
is reflexive and transitive but not symmetric.



Ans - Given relation R ={(a, b): a = b}.

Here (a,a) € R.

= We conclude that R is reflexive.
(2,4)eR[2=<4],but(4,2) R [~ 4isnot < 2]

= We conclude that R is not symmedtric.

Assuming that (a,b), (b,c)eR,a<bandb<c thena=c.
= We conclude that R is transitive.

Hence, relation R is reflexive and transitive but not
symmetric.

5.

Check whether the relation R in R defined by R={(a,b) : a
< b3} is reflexive, symmetric or transitive.

Ans - Given relation R ={(a, b): a < b3}
11 il 1
Here (E’ —E) g R [~ Sisnot< E]
= We conclude that R is not reflexive.
(1,4)eRas1 =435 but(4,1) €Ras4isnot < 13.
= We conclude that R is not symmetric.
. 3, .36 32 3 _ /)3
Assuming that (3, 5), (5, g) ER s0, 3 < (E) and; < (E) but
3
: 5]
Jisnot= (E) &R
= We conclude that R is not transitive.

Hence, relation R is not reflexive, symmetric or transitive.

6.

Show that the relation R in the set {1, 2, 3} given by
R={(1, 2), (2, 1)} is symmetric but neither reflexive nor
transitive.



Ans - Given relation R = {(1, 2), (2, 1)} on the set
A={1,2, 3}

Since (1, 1),(2, 2), (3, 3)&R

= We conclude that R is not reflexive.

Since, (1,2) € Rand (2,1) eR.

= We conclude that R is symmetric.

Since, (1,2)€Rand (2,1) eR, but(1,1) €R.
= We conclude that R is not transitive.

Hence, relation R is symmetric but neither reflexive nor
transitive.

7.

Show that the relation R in the set A of all the books in a
library of a college, given by R = {(%, y) : x and y have same
number of pages} is an equivalence relation.

Ans - Given relation R = { (x,¥): x and y have the same
number of pages }

(%, x) € R, because x and x have same number of pages.
= We conclude that R is reflexive.

Let (x, y) € R, so x and y have the same number of pages,
then (y, x) € R because y and x will also have same number
of pages.

= We conclude that R is symmetric.

Let (x, yv) € Rand (y, z) € R. So x and y have same number of
pages and y and z also have same number of pages.
Therefore, x and z will also have the same number of pages.
ie (x,z) ER

= We conclude that R is transitive.

Hence, relation R is an equivalence relation.



Show that the relation R in the set A ={1, 2, 3, 4, 5} given by
R={(a, b) : |]a-Db] is even}, is an equivalence relation. Show
that all the elements of {1, 3, 5} are related to each other
and all the elements of {2, 4} are related to each other. But
no element of {1, 3, 5} is related to any element of {2, 4}.

Ans-letaeA,

So, |a-a| =0 (which is an even number).
= We conclude that R is reflexive.

Let (a, b) €R,

|a-b|is even, hence |a-b| and |b - a| are both even
= (b,a) R

= We conclude that R is symmetric.

Let (a,b) EeRand (b, c) ER,

= |a-bl|isevenand |b - c| is even

= |a - c| is even.

=(a,c)eR

= We conclude that R is transitive.

Hence, relation R is an equivalence relation.

All elements in the set {1, 3, 5} are odd. As a result, the
modulus of the difference between any two elements will be
even. 5o, all of the items in this set are related to one
another.

All elements of {2, 4} are even, whereas all elements of {1, 3,
5} are odd, hence no element of {1, 3, 5} is connected to any
element of {2, 4}.

Hence, the absolute value of the difference between the two
components from each of these subsets will not yield an
even value.



Show that each of the relation Rinthe set A={x€Z:0<x
= 12}, given by

(i) R={(a b) : |]a—Db| is a multiple of 4}
(i)R={(a,b):a=b}

is an equivalence relation. Find the set of all elements
related to 1 in each case.

Ans- (i) GivensetA={x€Z:0=x=12}={0,1,2,3,4,5,
6,7,8 910,11, 12}

Given relation R = {(a, b) : |a-b| is a multiple of 4 }.
Leta €A,

(a,a) € Ras |a-a| =0is amultiple of 4.

= We conclude that R is reflexive.

Let(a,b) ER

= |a - b] is a multiple of 4]

|b -a] =|-(a-Db)|is a multiple of 4.

=(b,a)eR

= We conclude that R is symmetric.

(a,b), (b, c) ER

= |a - b| is a multiple of 4 and |b - c| is a multiple of 4.
= (a-Db) is a multiple of 4 and (b - ¢) is a multiple of 4.
(a-c)=(a-b) + (b-c)isamultiple of 4.

= |a - c| is a multiple of 4.

=(a,c)eR

= We conclude that R is transitive.

Hence, relation R is an equivalence relation.

Set of elements related to 1 is {1, 5, 9}



(ii) Given relation R = {(a, b) : a =b}.

Leta € A, then (a,a) €R, sincea =a.

= We conclude that R is reflexive.

(a,b) ERsincea=h.

= b =a3,then(b,a) ER

= We conclude that R is symmetric.

Let(a, b), (b,c) eR. Thena=bandb=c.
=a=cle(ac)eR

= We conclude that R is transitive.

Hence, relation R is an equivalence relation.

Set of elements related to 1 is {1}.

10.

Give an example of a relation. Which is

(i) Symmetric but neither reflexive nor transitive.
(ii) Transitive but neither reflexive nor symmetric.
(iii) Reflexive and symmetric but not transitive.
(iv) Reflexive and transitive but not symmetric.
(v) Symmetric and transitive but not reflexive.

Ans - (i) Let us assume relation R= {(5, 6), (6, 5)} in set
A={5, 6,7}

(5,5).(6,6),(7,7) &R,

= We conclude that R is not reflexive.
(5,6) eRand (6,5) €ER.

= We conclude that R is symmetric.
(5,6)eRand (6,5)€ R, but (5 5)&R.
= We conclude that R is not transitive.

Hence, relation R is symmetric but not reflexive or
transitive,



(ii) Let us assume the relation R = {(a, b) : a b}

Leta € R, then (a, a) € R [ a cannot be less than itself]
= We conclude that R is not reflexive.

Let (1,2) ER[~ 1< 2]

Since 2 is not lessthan 1, (2, 1)&R.

= We conclude that R is not symmetric.

Let (a, b), (b,c) ER.

Herea<bandb<c. Sowegea<c

=(a,¢) ER

= We conclude that R is transitive.

Hence, relation R is transitive but not reflexive and
symmetric.

(iii) Let us assume relation R = {(4, 4). (6, 6), (8, 8),
(4,6),(6,4),(6,8),(8,6)} inset A={4, 6, 8}.

(4,4),(6,6),(8,8) €R

= We conclude that R is reflexive.
(4,6),(6,4),(6,8),(8,6) R

= We conclude that R is symmetric.
(4,6),(6,8) ER but(4,8) €R.

= We conclude that R is not transitive.

Hence, relation R is reflexive and symmetric but not
transitive.



(iv) Let us assume relation R = {(a, b) : a3 = b3}.
Since (a,a) €ER.

= We conclude that R is reflexive.

Since (2,1) €R, but(1,2) R,

= We conclude that R is not symmetric.

Let(a, b), (b,c) ER

=ad=b*andb3=c3. Sowegetai=c?

=(a,c) ER

= We conclude that R is transitive.

Hence, relation R is reflexive and transitive but not
symmetric.

(v) Let us assume relation R = {(-5, -6), (-6, -5), (-5, -5)}
in set A={-5,-6}.

(-6,-6) €R

= We conclude that R is not reflexive.

Since (-5,-6) e Rand (-6,-5) €R.

= We conclude that R is symmetric.

Since (-5,-6), (-6,-5) € Rand (-5,-5) eR.
= We conclude that R is transitive.

Hence, relation R is symmetric and transitive but not
reflexive.

11.

Show that the relation R in the set A of points in a plane
given by R = {(P, Q) : distance of the point P from the origin
is same as the distance of the point Q from the origin}, is an
equivalence relation. Further, show that the set of all points
related to a point P =+ (0, 0) is the circle passing through P
with origin as cenire.



Ans - Given relation R = {(P, Q) : Distance of P from the
origin is the same as the distance of Q from the origin}

(PRP)ER.
= We conclude that R is reflexive.

Let (P, Q) € R; the distance of P from the origin is equivalent
to the distance of Q from the origin, and similarly, the
distance of Q from the origin is equal to the distance of P
from the origin. i.e, (Q, P) €R.

= We conclude that R is symmetric.

Let (P.Q), (Q. S) ER.

P's distance from the origin is equal to Q's distance from the
origin, and Q's distance from the origin equals S's distance
from the origin. So, distance of S from the origin will equal
the distance of P from the origin. i.e, (P, S)ER.

= We conclude that R is transitive.
Hence, relation R is an equivalence relation.

The set of points connected to P # (0, 0) are those whose
distance from the origin is equal to P's distance from the
origin. These points form a circle with the centre as the
origin, passing through P.

12.

Show that the relation R defined in the set A of all triangles
as R={(T1, Tz) : T1 is similar to T2}, is equivalence
relation. Consider three right angle triangles T1 with sides 3,
4,5, Tz with sides 5, 12, 13 and Ts with sides 6, 8, 10. Which
triangles among T, Tz and Ts are related?



Ans - Given relation R = {(T1, Tz) : T1 is similar to Tz} since
every triangle is similar to itself.

= We conclude that R is reflexive.

If (T4, T2) € R, then Ty is similar to T-.

= Tz is similar to Ta.

= (T2, T1) ER

= We conclude that R is symmetric.

Let (T4, T2), (T2, Ts) ER

= T1 is similar to Tz and Tz is similar to Ts.
= T1is similar to Ts.

= (T, Ts) ER

= We conclude that R is transitive.

Hence, relation R is an equivalence relation.

3 4 5 1

6 8 10 2
Since the corresponding sides of triangles T1 and Ts are in
the same ratio, triangle T: is similar to triangle Ts.

Hence, Ty is related to Ts.

13.

Show that the relation R defined in the set A of all polygons
as R={(P1, P2) : P1 and Pz have same number of sides}, is
an equivalence relation. What is the set of all elements in A
related to the right angle triangle T with sides 3, 4 and 5?



Ans - Given relation R = { (P1, P2): P1 and P2 have same
number of sides } .

Since (P1, P1) € R, as same polygon has same number of
sides.

= We conclude that R is reflexive.

Let (P1, P2) € R. Then P; and Pz have same number of sides.
= P2 and P; have same number of sides.

= (PzP1) ER

= We conclude that R is symmetric.

Let (P1, P2), (P2, Ps) € R. Then P1 and Pz have same number
of sides and P: and P3 have same number of sides.

= P1 and P3 have same number of sides.

= (P1,P3) ER

= We conclude that R is transitive.

Hence, relation R is an equivalence relation.

Elements in A related to right-angled triangle (T) with sides
3,4 and 5 are the polygons having 3 sides.

14.

Let L be the set of all lines in XY plane and R be the relation
in L defined as R = {(La1, Lz2) : L is parallel to Lz}. Show that
R is an equivalence relation. Find the set of all lines related
to the liney = 2x + 4.



Ans - Given relation R = {(Li, Lz): L1 is parallel to Lz} .
Any line L; is parallel to itself, so, (L1, L1) € R.
= We conclude that R is reflexive.

Let (L1, Lz) € R. Then L; is parallel to Lz, therefore L2 is
parallel to Li.

= (L2, L1) €ER
= We conclude that R is symmetric.

Let (L1, L2), (L2, Ls) € R. L1 is parallel to Lz and Lz is parallel
to L3, therefore L, is parallel to Ls

= (L, Ls) ER
= We conclude that R is transitive.
Hence, relation R is an equivalence relation.

Set of all lines related to the line y = 2x + 4 is the set of all
lines that are parallel to the line y = 2x + 4.

Slope of line y = 2x + 4 is m = 2. Therefore, lines parallel to
the given line are of the form y = 2x + ¢, wherec e R.

15.

Let R be the relation in the set {1, 2, 3, 4} given by
R={(1.2).(2.2).(1,1),(44).(1.3).(3.3). (3. 2)}-
Choose the correct answer.

(A) R is reflexive and symmetric but not transitive.
(B) R is reflexive and transitive but not symmetric.
(C) R is symmetric and transitive but not reflexive.
(D) R is an equivalence relation.



Ans - Given relation R ={(1, 2), (2, 2), (1, 1), (4, 4),
(1,3).(3,3), (3. 2)}

Since (a,a) €R, foreverya € {1, 2, 3, 4}

= We conclude that R is reflexive.

Since (1,2)€R,but(2,1) €R.

= We conclude that R is not symmetric.
(a,b),(b,c)eRthen (a c)eRforalla b, ce{l, 2, 3,4}
= We conclude that R is transitive.

Hence, relation R is reflexive and transitive but not
symimetric.

Correct answer is option (B).

16.

Let R be the relation in the set N given by
R={(a,b) :a=Db-2, b > 6}. Choose the correct answer.

(A) (2.4) €ER (B) (3.8) €R
(C) (6,8) ER (D) (8,7) ER

Ans - GivenrelationR={(a,b):a=b-2,b > 6}
Considering option (A).

Since,b > 6,s0,(2,4) €R.

Considering option (B).
Since3+8-2,50(3,8) €R.

Considering option (C).
Since8>6and6=8-2,s50(6,8) ER.

Hence, correct answer is option (C).

Exercise 1.2

1.



Show that the function f: R, — R, defined by f(x) = ~is

one-one and onto, where R+ is the set of all non-zero real
numbers. Is the result true, if the domain R, is replaced by
N with co-domain being same asR,?

Ans - Given that f: R, — R, is defined by f(x) = 2

X

One - One:
f(x) = f(y)

1 1
= — = —

X ¥
=X=Y
~ fis one-one.
Onto:

Itis clear that for y € R, there existsx = i € R, (Exists as
y # R,) Exists as y # 0 such that f(x) = i] =y

(

Now, consider function g: N — R, defined by

] e

1
g(x) = <
We have,

g(x,) = g(x;)

1 1
= — = —

X X2
=% =X
~ g is one-one.

It is clear that g is not onto as for 1.2 € R, there does not
exist any x in N such that

8) = =

Hence, the function g is one-one but not onto.



Check the injectivity and surjectivity of the following
functions:

(i) f: N — N given by f(x) = x2

(ii) f: Z — Z given by f(x) = x2

(iii) f: R — R given by f(x) = x2

(iv) f: N— N given by f(x) =x3

(v) f: Z— Z given by f(x) = x3

Ans - (i) Here, f: N — N is given by f(x) = x2
Forx, y € N, f(x) = f(y)

=X =y?

=X=¥

= fis injective.

Now, 2€N. But, there does not exist any x in N such that
f(x) =x2=2

= f is not surjective.

Hence, function fis injective but not surjective.
(ii) Here, f: Z — Z is given by f(x) = x2
Itisseenthat f(—1) =f(1) =1,but—1 + 1.

= fis not injective.

Now, —2 € Z. But, there does not exist any element x€Z such
thatf(x) =—2orx2=-2

= fis not surjective.

Hence, function f is neither injective nor surjective.
(iii) Here, f: R — R is given by f(x) = x2
Itisseenthatf(—1)=f(1)=1,but—1 # 1.

= fis not injective.

Now, —2 € R. But, there does not exist any element xeR
such that f(x) = —2 or x2 = —2.

= fis not surjective.

Hence, function fis neither injective nor surjective.



(iv) Here, f: N — N given by f(x) = x3

Forx, y €N, f(x) = f(y)

=x3 =y3

=X=Yy

= fis injective.

Now, 2 € N. But, there does not exist any element x € N such
that f(x)=2 or x3=2

= fis not surjective

Hence, function f is injective but not surjective.

(v) Here, f: Z — Z is given by f(x) = x3

Forx, y € Z, f(x) = f(y)

=X =y3

=X=Y

= fis injective.

Now, 2 € Z. But, there does not exist any element x € Z such
thatf(x) =2 orx¥=2

= fis not surjective.

Hence, function fis injective hut not surjective.

3.

Prove that the Greatest Integer Function f: R — R, given by
f(x) = [x], is neither one-one nor onto, where [x] denotes
the greatest integer less than or equal to x.



Ans - Here, f: R — Ris given by, f(x) = [x]
It is known that,

f(1.2)=[12]=1

f(1.9)=[19]=1

=f(1.2)=f(19),but 1.2+ 19

= fis not one-one.

Consider 0.7 e R

Known that f(x) = [x] is always an integer.

Thus, there does not exist any element x € R such that
f(x)=07

= fis not onto.

Hence, greatest integer function is neither one-one nor
onto.

4.

Show that the Modulus Function f: R — R, given by
f(x) =] x|, is neither oneone nor onto, where | x | is x,
if x is positive or 0 and | x | is — x, if x is negative



Ans - Here, f: R — Ris given by

xif x =10

Fo =1 = {0000

It is clear that,

{~1)=|—-1] =1

1Y =[1]=1

=f(—1)=f(1).but -1 #1

= fis not one-one.

Let—1€R.

It is known that f(x) = |x| is always non-negative.

Thus, there does not exist any element x in domain R such
that f(x) = |x| =—1

= fis not onto.

Hence, modulus function is neither one-one nor onto.

5.
Show that the Signum Function f: R — R, given by

1ifx>0

f(x)=4 0,ifx=0
—1,ifx<0

is neither one-one nor onto.



Ans - Here, f: R — R, given by

L0

f(x)=41 0,if x=0
—1afx< 0

It is known that, f(1) =f(2) = 1 but 1+2.

= fis not one-one.

As f(x) takes only three values (1, 0, or —1), for the element
—2 in the co-domain R, there does not exist any x in domain
R such that f(x) = —2.

= fis not onto

Hence, Signum function is neither one-one nor onto.

6.

LetA={1,2,3},B={4,5,6,7}and letf={(1,4), (2,5),
(3. 6)} be a function from A to B. Show that f is one-one.

Ans - Given that,

A={123}

B ={45,67}
f:A—Bisdefinedasf={(14),(2,5),(3,6)}

=f(1)=4
=f(2)=5
=f(3)=6

It is seen that the images of distinct elements of A under f
are distinct.

Hence, function f is one-one.

7.

In each of the following cases, state whether the function is
one-one, onto or bijective. Justify your answer.

(i) f: R — Rdefined by f(x) =3 - 4x

(ii)f:R— Rdefined by f(x) =1 + x2



Ans- (i) Here, f: R — Ris defined as f(x) = 3 — 4x.
Let x,, X, € R such that f(x,) = f(x,)

=3 —4x, =3 — 4%,

= —4%, = —4%,

=5 Xy = Xy

= fis one-one.

For any real number (v) in R, there exists ?'TT"V in R such that

(SRR

= fis onto.

Hence, function f is bijective.

(ii) Here, f: R — R defined by f(x) = 1+x,

Let X;, X; € R such that f(x,) =f(x,)

= 1+ (¥)2 = 1+(x;)2

= (%)% = (X2)?

=3 Wy =0y

Thus, f(x,) = f(x;) does not imply that x, =x,.
For example, f(1) =f(—1) =2

= fis not one-one.

Consider an element —2 in co-domain R.

Itis seen that f(x) = 1 + x2 is positive forallx € R.

Thus, there does not exist any x in domain R such that
f(x) =—2.

= fis not onto.

Hence, function f is neither one-one nor onto.



Ans-f: AXB— B X Aisdefined as f(a, b) = (b, a)

Let (a1,b1), (az,bz2) € A X B such that f(a: ,b1) = f(az ,b2)
= (by, a1) = (bz, az)

= bi=Dbzandai1 =az

= (a1,b1) = (az,b2)

= fis one-one.

Let (b, a) € B A be any element. Then, there exists
(a,b) € A x Bsuch thatf(a, b) = (b, a).[By definition of {]

= fis onto.

Hence, function fis bijective.

9.
Let f: N — N be defined by
+1
> ,if nis odd
fm)={ 2 forallne N

2’ if n is even

State whether the function f is bijective. Justify your answer.

Ans - By definition of f it can be observed that,
1+1
fep=—5—=1

2
f@=5=1
= f(1) = f(2), where 1 = 2
= [ is not one-one.
Consider a natural number (n) in co-domain N.

Casel: nis odd

~n=2r+1forsomer € N. Then, there exists4r +1 e N
such that
dr+1+1

f(4r+l)=—2 =2r+1



Casell: n is even

.~ n = 2r for some r € N. Then, there exists 4r € N such
that

f(4r) = 4—; =2r

= fis onto.

Hence, function f is not a bijective function.

10.

Let A=R-{3}and B =R - {1}. Consider the functionf: A —
B defined by

=

Is f one-one and onto? Justify your answer.

Let x,y € A such that f(x) = f(y)

x—2 y—2

= =
x—3 y-—3

By cross multiplication,

= E=2)y-3)=F-2)(x-3)
=Xy —3X—2y+6=xy—2Xx—3y+6
= —3x— 2y=—2x—3y

=2X=y

= fis one-one.

Lety € B=R — {1}. Then, y#1.

Function f is onto if there exists x € A such that f(x) =w.



Function f is onto if there exists x € A such that f(x) =y.

flx)=y
x—z_
“x—3 7

=Xx—2=xy—3y
=x(1—y)=-3y+2

2—3y
1—vw

= EA[y=+1]

Thus, for any y € B, there exists % € A such that

(2—3}?

L=}
== fis onto.

Hence, function f is one-one and onto.

11.

Let f: R — R be defined as f(x) = x*. Choose the correct

answer.
(A) fis one-one onto

(B) f is many-one onto

(C) fis one-one but not onto

(D) fis neither one-one nor onto.

f(z—:sy) 1—y)_2_2—3y—2+2y_—_y_
1—y (2—3}1)_3 2—3p—=3-F3y =3

y



Ans - Here, f: R — Ris defined as f(x) = x*.
Let x, y € R such that f(x) = f(y).

= x:=y+

=Xx=1y

f(x) =f(y) does not imply thatx =y

For example, f(1) =f(—1) =1

= f is not one-one.

Consider an element 2 in co-domain R. It is clear that there
does not exist any X in domain R such that f{(x) =2

= f is not onto.
Hence, function f is neither one-one nor onto.

-~ Correct answer is option (D).

12.

Let f: R — R be defined as f(x) = 3x. Choose the correct
answer.
(A) fis one-one onto

(B) fis many-one onto
(C) fis one-one but not onto

(D) fis neither one-one nor onto.

Ans - Here, f: R — Ris defined as f(x) = 3x.
Let x, y € R such that f(x) = f(y).

= 3x =3y

=X=Yy

= fis one-one.

Now, for any real number (y) in co-domain R, there existsf
in R such that

1§-26)->

= fis onto.
Hence, function f is one-one and onto.

= Correct answer is option (A).



Miscellaneous Exercise

1.

Show that function f: R — {x € R: —1 < x < 1} defined by

Fix) = ﬁlxl X € R is one-one and onto function.

Ans - Let %, yeR. For the function f to be one - one then,
f(x) = f(y)

X ¥y
= ==
1+ |x] 1+ |y

Let x be positive and y be negative

X
= = Y
1+x 14y

= 2xy=x-—Y%
Sincex>y wegetx-y=>0.
But 2xy is negative.

L 2XY #FX -V



As aresult, it is impossible for x to be positive when y is
negative. Similarly, negative x and positive y can be ruled
out. So, x and y must be either positive or negative.

Let x and y be positive

f(x) =£(y)

X
= = Y
1+x 1+y

=x+xy=y+xy
2X=Y
Similarly let x and y be negative

f(x) = f(y)

x v
1+x 1+y

=2x+xy=y+xy
=X=Y
- Function f is one - one.

For onto:



vy €Rsuchthat—-1 <y < 1.

Let y be negative then x = ﬁ € R such that

/(2511

1+y y
Ik
}i"
yif ¥ 1y ‘
1(l+y) X2

Let y be positive then x = 1"‘_’—V € R such that

)7

=)

=1+(%)=1—y+y:3"

~ Function f is onto.

Hence, given function f is both one-one and onto.

2.

Show that the function f: R — R given by f(x) =x3 is
injective.

Ans - Given function f : R — R given by f(x) = x3.

For one - one:

f(x) =f(y) wherex,y e R.

= Xl o (1)

We need to show that x = y. Lets assume x # y, then,
= X3 = y3

Since this contradicts (1), we getx=y.

Hence, function f is injective.



3.

Given a non empty set X, consider P(X) which is the set of
all subsets of X. Define the relation R in P(X) as follows:
For subsets A, Bin P(X), ARBifand onlyif Ac B.IsRan
equivalence relation on P(X)? Justify your answer:

Ans - If A € P(X), we know that every set is a subset of itself,
i.e. ARA

= We conclude that R is reflexive.
Let ARB

= ACB.

This does not mean that B c A.

IfA={1,2}and B={1, 2, 3}, then it cannot be implied that
B is related to A.

= We conclude that R is not symmedtric.
IfARB and BRC,thenAcBandBcC
= AcC

= ARC

= We conclude that R is transitive.

Hence, R is not an equivalence relation as it is not
syminetric.

4.

Find the number of all onto functions from the set {1, 2,
3, n} to itself.

Ans - The total number of onto maps from the set {1, 2, 3, ...,
n} to itself is equivalent to the total number of permutations
of n symbols, namely 1, 2, 3, .., n.

Since the total number of permutations on n symbols
1,2,3,...1 is n, the total number of onto maps from
{1,2,3,..n} to itself is also n.



LetA={-1,0,1,2}B={—4,-2,0,2}andf,g:A— B
be functions defined by f(x) = x* — x,x € 4 and

g(x) = 2|x—§|—1,xEA.Arefandgequa]?]usﬁl§r
your answer.

(Hint: One may note that two function f: A — B and
g:A — B such that f(a) = g(a) v a € A are called
equal functions).

Ans-f(-1) =(-12—(-1)=1+1
=5 f—1) =2
g-D=2|cD-3|-1
=2(3)-1=3-1
g(=1) =2

= f(—1) =g(~1)

f(0) = (0)2— (0) =0
g(0)=2©) -3 -1
=1—-1=0

= f(0) = g(0)

f(1) = (1)2 - (1)
=1-1=0
g()=2|(1)-3| -1

=2(3)-1=1-1=0



= (1) = g(1)
f(2)=(2)2-(2
=4-2=2

g2 =2|@ -3 -1
=2(3)-1=3-1=2

=1(2) =g(2)
~ f{a) = g(a) ¥ a€A. Hence the functions f and g are equal.

6.

Let A ={1, 2, 3}. Then number of relations containing (1, 2)
and (1, 3) which are reflexive and symmetric but not
transitive is

@1 (B) 2 ©3 D)4
Ans-GivenasetA={1, 2, 3}

Let us take relation R, containing (1, 2) and (1, 3), as
R={(1,1),(2.2),(3,3).(1,2),(1,3), (2, 1), (3 1)}
1. 1), {(2:2).(3:.3) €R

= We conclude that R is reflexive.

(1,2),(1,3),(2, 1) €R

= We conclude that R is symmetric.

(1,2),(3,1) ER,but(3,2) €¢R

= We conclude that R is not transitive.

Relation R will become transitive on adding two pairs
{3.2),(2, 3).

Therefore the total number of desired relations is one.

Hence correct answer is option (A).



Let A ={1, 2, 3}. Then number of equivalence relations
containing (1, 2) is
(A)1 (B) 2 ©3 (D) 4

Ans - We are given a set A={1, 2, 3}.

Let us take the relation R, containing (1, 2) as

R={(1,1),(22),(33),(L2),(2 1)}
Now the pairs left are (2, 3), (3, 2), (1, 3), (3, 1)

To include the pair (2, 3), itis necessary to also include
(3, 2) to maintain symmetry. We must include (1, 3) and
(3, 1) to ensure transitivity.

So, only the equivalence relation (bigger than R) is the
universal relation.

Therefore, the total number of equivalence relations
containing (1, 2) are two.

Hence, correct answer is option (B).



